Maximum likelihood estimation
for discrete determinantal point
processes

VICTOR-EMMANUEL BRUNEL, ANKUR MOITRAT,
PHILIPPE RIGOLLET* AND JOHN URSCHEL

Massachusetts Institute of Technology

Abstract. Determinantal point processes (DPPs) have wide-ranging ap-
plications in machine learning, where they are used to enforce the no-
tion of diversity in subset selection problems. When defined on a finite
state space, they can be parametrized by a parameter whose dimension
grows with the size of the state space. Many estimators of that param-
eter have been proposed, but surprisingly the basic properties of the
maximum likelihood estimator (MLE) have received little attention.
The difficulty is that it is a non-concave maximization problem, and
such problems are notoriously difficult to understand in high dimen-
sions, despite their importance in modern machine learning. Here we
study both the local and global geometry of the expected log-likelihood
function. Given independent copies of a DPP, we prove several rates of
convergence for the MLE and give a complete characterization of the
case where these are parametric. We also exhibit a potential curse of
dimensionality where the asymptotic variance of the MLE scales expo-
nentially with the dimension of the problem, i.e., the size of the state
space. Moreover, we exhibit an exponential number of saddle points,
and give evidence that these saddle points, together with the global
maxima, may be the only critical points.
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1. INTRODUCTION

Determinantal point processes (DPPs) describe a family of repulsive point pro-
cesses; they induce probability distributions that favor configurations of points
that are far away from each other. DPPs are often split into two categories:
discrete and continuous. In the former category, the finite case is most widely
encountered, where realizations of the DPP are vectors from the Boolean hyper-
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cube {0, 1}", while in the latter, they occupy a continuous space such as R?. In
both settings, the notion of distance can be understood in the sense of the natural
metric with which the space is endowed. In this work, we always refer to DPPs
defined on a finite space as discrete DPPs. DPPs are canonically parametrized
by a correlation kernel, which is an N x N symmetric matrix in the discrete case
and a symmetric function in the continuous case. They were formally introduced
in the context of quantum mechanics to model systems of fermions [Mac75] that
were known to have a repulsive behavior, though DPPs have appeared implic-
itly in earlier work on random matrix theory, e.g. [Dys62]. Since then, they have
played a central role in various corners of probability, algebra and combinatorics
[ST03a, ST*03b, BO00, BS03, Borll, Oko01, OR03], for example, by allowing
exact computations for integrable systems.

Following the seminal work of Kulesza and Taskar [KT12], both discrete and
continuous DPPs have recently gained attention in the machine learning litera-
ture where the repulsive character of DPPs has been used to enforce the notion of
diversity in subset selection problems. Such problems are pervasive to a variety
of applications such as document or timeline summarization [LB12, YFZ'16],
image search [KT11, AFAT14], audio signal processing [XO16], image segmenta-
tion [LCYO16], bioinformatics [BQK™14], neuroscience [SZA13] and wireless or
cellular networks modelization [MS14, TL14, LBDA15, DZH15]. DPPs have also
been employed as methodological tools in Bayesian and spatial statistics [KK16,
BC16], survey sampling [LM15, CJM16] and Monte Carlo methods [BH16].

Even though most of the aforementioned applications necessitate estimation
of the parameters of a DPP, statistical inference for DPPs has received little at-
tention. In this context, maximum likelihood estimation is a natural method, but
generally leads to a non-convex optimization problem. This problem has been
addressed by various heuristics, including Expectation-Maximization [GKFT14],
MCMC [AFAT14], and fixed point algorithms [MS15]. However, these methods
only come with weak guarantees. Another route used to overcome the compu-
tational issues associated with maximizing the likelihood of DPPs consists in
imposing additional modeling constraints, initially in [KT12, AFAT14, BT15],
and, more recently, [DB16, GPK16a, GPK16b, MS16], in which assuming a spe-
cific low rank structure for the problem enabled the development of sublinear
time algorithms.

Statistical estimation for continuous DPPs is generally tackled in a setup where
only one screenshot of the DPP is available, in a domain whose size goes to
infinity, and under strong parametric assumptions [LMR15][BL16]. In a general
setup, [Barl3] uses T-estimation, closely related to model selection (see [Bir06]),
in order to estimate the distribution of general (including discrete and continuous)
DPPs under possible model misspecification, when independent copies of the
point process are observed.

However, despite its acute relevance to machine learning and several algorith-
mic advances (see [MS15] and references therein), the theory of estimation of
the parameter of general discrete DPPs have not been tackled. Qualitative and
quantitative characterizations of the likelihood function would shed light on the
convergence rate of the maximum likelihood estimator, as well as aid in the design
of new estimators.

In this paper, we take an information geometric approach to understand the
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asymptotic properties of the maximum likelihood estimator, given iid observation
of a discrete DPP with unknown kernel, without extra parametric assumptions.
First, we study the curvature of the expected log-likelihood around its maximum.
Our main result is an exact characterization of when the maximum likelihood es-
timator converges at a parametric rate (Theorem 9). Moreover, we give quantita-
tive bounds on the strong convexity constant (Proposition 10) that translate into
lower bounds on the asymptotic variance and shed light on what combinatorial
parameters of a DPP control said variance. Second, we study the global geome-
try of the expected log-likelihood function. We exhibit an exponential number of
saddle points that correspond to partial decouplings of the DPP (Theorem 12).
We conjecture that these are the only critical points, which would be a key step
in showing that the maximum likelihood estimator can be computed efficiently
after all, in spite of the fact that it is attempting to maximize a non-concave
function.

The remainder of the paper is as follows. In Section 2, we provide an intro-
duction to DPPs together with notions and properties that are useful for our
purposes. In Section 3, we study the information landscape of DPPs and specifi-
cally, the local behavior of the expected log-likelihood around its critical points.
Finally, we translate these results into rates of convergence for maximum like-
lihood estimation in Section 4. All proofs are gathered in Section 6 in order to
facilitate the narrative.

Notation. Fix a positive integer N and define [N] = {1,2,..., N}. Throughout
the paper, X denotes a subset of [N]. We denote by o(X) the power set of X.

We implicitly identify the set of |X'| x | X | matrices to the set of mappings from
X x X to R. As a result, we denote by Iy the identity matrix in R*** and
we omit the subscript whenever X = [N]. For a matrix A € RY** and J c X,
denote by Aj the restriction of A to J x J. When defined over X x X, Ay maps
elements outside of J x J to zero.

Let Sx denote the set of symmetric matrices in matrices and denote by
S//\\g the subset of matrices in Sy that have eigenvalues in A < IR. Of particular
interest are i = S/[\?’OO), S}* = S/(\?’OO), the subsets of positive semidefinite and
positive definite matrices respectively.

For a matrix A € RY¥*¥, we denote by |A||r, det(A) and Tr(A) its Frobenius
norm, determinant and trace respectively. We set det Az = 1 and Tr Ay = 0.
Moreover, we denote by diag(A) the vector of size |X| with entries given by the
diagonal elements of A. If z € IRV, we denote by Diag(z) the N x N diagonal
matrix with diagonal given by =x.

For A € Sy, k > 1 and a smooth function f : A — IR, we denote by d*f(A)
the k-th derivative of f evaluated at A € A. This is a k-linear map defined on A;
for k = 1, df(A) is the gradient of f, d%f(A) the Hessian, etc.

Throughout this paper, we say that a matrix A € Sy is block diagonal if there
exists a partition {Ji,...,J i}, k = 1, of X such that A;; =0ifie J,,j € J, and
a # b. The largest number k£ such that such a representation exists is called the
number of blocks of A and in this case Ji,...,Jy are called blocks of L.

IRXXX
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2. DETERMINANTAL POINT PROCESSES AND L-ENSEMBLES

In this section we gather definitions and useful properties, old and new, about
determinantal point processes.

2.1 Definitions

A (discrete) determinantal point process (DPP) on X is a random variable
Z € p(X) with distribution

(2.1) IP[J c Z] =det(Ky), VJcCX,

where K € S;[f,]’l], is called the correlation kernel of Z.
If it holds further that K € S[[g}]l ), then Z is called L-ensemble and its proba-

bility mass function satisfies

det(LJ)

(2.2) Pw:ﬂ:£ﬁjﬂ’

vVJc X,

where L = K(I — K)~! € 8. Using the multilinearity of the determinant, it is
easy to see that (2.2) defines a probability distribution (see Lemma 19). We call
L the kernel of the L-ensemble Z.

Using the inclusion-exclusion principle, it follows from (2.1) that IP(Z = &) =
det(I — K). Hence, a DPP Z with correlation kernel K is an L-ensemble if and
only if Z can be empty with positive probability.

In this work, we are interested in maximum likelihood estimation of the pa-
rameter of a discrete DPP, given independent and identically distributed iid ob-
servations of that DPP and we assume that K is in the interior of the domain
Sg?’l), that is, K € Sg?’l). In that setup, we can identify L-ensembles and DPPs,
and the kernel L and correlation kernel K are related by the identities

(2.3) L=K(I-K)*, K=LI+L)™,

with L € S7*. We denote by DPPx (L) the probability distribution associated
with the DPP with kernel L and refer to L as the parameter of the DPP in the

context of statistical estimation. If X = [N], we drop the subscript and only
write DPP(L) for a DPP with kernel L on [N].

2.2 Negative association

Perhaps one of the most distinctive feature of DPPs is their repellent nature. It
can be characterized by the notion of negative association, which has been exten-
sively covered in the mathematics literature [BBL09]. To define this notion, we
recall that a function f : {0,1}" — R is non decreasing if for all z = (z1,...,zyN),
y = (y1,...,yn) € {0,1}"V such that x; < y;, Vi € [N], it holds that f(z) < f(y).

Let Z be a DPP on [N] with kernel L € S[J]rﬁ and correlation kernel K = L(I +

L)y le S[(]?;]l). Denote by x(Z) € {0,1}" the (random) characteristic vector of Z.
Note that IE[x(Z)] = diag(K), moreover, the entries of x(Z) are conditionally

negatively associated.

DEFINITION 1. Let Z be a random subset of [N]| with characteristic vector
X = x(2) € {0,1}". The coordinates X1,...,Xy € {0,1} of X are said to be
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negatively associated Bernoulli random variables if for all J, J' < [N] such that
JnJ = & and all non decreasing functions f and g on {0,1}, it holds

E[f(x(Z n ])g(x(Z n IN] < E[f((Z n I)]E[g(x(Z ~ I))].

Moreover, X1, ..., Xy are conditionally negatively associated if it also holds that
for all S < [N],

E[f(x(Z n J)g(x(Z nJ'))|Z n S]
SE[f(x(Z n I)|Z A S|E[gx(Z n J))|Z 5]

almost surely.

Negative association is much stronger than pairwise non positive correlations.
Conditional negative association is even stronger, and this property will be es-
sential for the proof of Theorem 12. The following lemma is a direct consequence
of Theorem 8.1 of [Lyo03].

LEMMA 2. Let Z ~ DPP(L) for some L € S} and denote by x(Z) =

[V]
(X1,...,Xn) € {0,1}"V its characteristic vector. Then, the Bernoulli random
variables X1, ..., XN are conditionally negatively associated.

Now we introduce the notion of a partial decoupling of a DPP. This notion will
be relevant in the study of the likelihood geometry of DPPs.

DEFINITION 3.  Let P be a partition of [N]. A partial decoupling Z' of a DPP
Z on [N] according to partition P is a random subset of [N]| such that {x(Z' n
J),J € P} are mutually independent and x(Z' ~ J) has the same distribution as
X(Z ~n J) for all J € P. We say that the partial decoupling is strict if and only if
Z' does mot have the same distribution as Z.

It is not hard to see that a partial decoupling Z’ associated to a partition P
of a DPP Z is also a DPP with correlation kernel K’ given by

s [ Kij ifi,je.J forsome JeP,
J 0 otherwise.

In particular, note that if Y’ is a strict partial decoupling of a DPP Y, then its
correlation kernel K and thus its kernel L are both block diagonal with at least
two blocks.

21000
ExXaMPLE 4. Consider the block diagonal matrix L = é § ((1: § (%) € S[J]’VJE The
00112
7/11 1/11 0 0 0
1/11 8/11 0 0 0
correlation kernel of DPP(L) is K = L(I+L)™ = | 0 0 5/13 —1/133/13

0 0 —1/13 8/13 2/13
0 0 3/13 2/13 7/13
Take the partition P = {{1},{2,3},{4,5}}; The corresponding decoupling is
7/11° 0

0 0 0
811 0 0 0
strict and its correlation kernel is K' = 0 5/13 0 0 |. The correspond-

0 0 8/132/13

0
0
0
0 0 0 2/137/13
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28/11 0 0 00
‘ o . , . 0 24/11 0 0 0 o
ing kernel is given by L' = K'(I-K')"* = 0 0 40/130 0 |, which is block
0o 0 0 21
0 0 0 132

diagonal with three diagonal blocks. It is easy to see that DPP(L) has 25 possible

decouplings. More generally, the number of decouplings of a DPP with kernel L

is H pB|, where B(L) is the set of blocks of L, |B| is the size of the block B
BeB(L

and pk( z?s the k-th Bell number, i.e., the number of partitions of a set of size k.

In particular, the number of decouplings of a DPP with irreducible kernel is super

exponential in N .

2.3 ldentifiability

The probability mass function (2.2) of DPP(L) depends only on the principal
minors of L and on det(] + L). In particular, L is not fully identified by DPP(L)
and the lack of identifiability of L has been characterized exactly [Kull2, Theorem
4.1]. Denote by D the collection of N x N diagonal matrices with +1 diagonal
entries. Then, for L1, Ly € S[J]r\f],

(2.4) DPP(L1) = DPP(Ls) < 3D e D,Ly = DLy D.
We define the degree of identifiability of a kernel L as follows.

DEFINITION 5. Let L € S[J]r\f] The degree Deg(L) of identifiability of L is the

cardinality of the family {DLD : D € D}. We say that L is irreducible whenever
Deg(L) = 2V~1 and reducible otherwise. If Z ~ DPP(L) for some L € S[JFJE, we

also say that Z is irreducible if L is irreducible, and that Z is reducible otherwise.

For instance, the degree of identifiability of a diagonal kernel is 1. It is easy
to check that diagonal kernels are the only ones with degree of identifiability
equal to 1. These kernels are perfectly identified. The degree of identifiability of
the kernel L given in Example 4 is 23 = 8 and the degree of identifiability of
the kernel L' is 22 = 4. Intuitively, the higher the degree, the less the kernel is
identified. It is clear that for all L € S[J]rj], 1 < Deg(L) < oN-1

As we will see in Proposition 7, the degree of identifiability of a kernel L is com-
pletely determined by its block structure. The latter can in turn be characterized
by the connectivity of certain graphs that we call determinantal graphs.

DEFINITION 6. Fiz X < [N]. The determinantal graph Gy, = (X, EL) of a
DPP with kernel L € S;Jr s the undirected graph with vertices X and edge set
E; = {{z’,j} c L # 0}. Ifi,j € X, write i ~p, j if there exists a path in Gy, that
connects i and j.

It is not hard to see that a DPP with kernel L is irreducible if and only if its
determinantal graph Gy, is connected. The blocks of L correspond to the connected
components of Gy. Moreover, it follows directly from (2.2) that if Z ~ DPP(L)
and L has blocks Ji,...,Ji, then Z n Jy,...,Z n J, are mutually independent
DPPs with correlation kernels K, ..., K, respectively, where K = L(I + L)~!
is the correlation kernel of Z.
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Consider the kernel L define in Example 4. It is reducible, and its determinantal
graph can be represented as follows:

The connected components of this graph are {1, 2,3} and {4, 5}, which are also
the diagonal blocks of L (and K). The main properties regarding identifiability
of DPPs are gathered in the following straightforward proposition.

PROPOSITION 7. Let L € 8[’;\;5 and Z ~ DPP(L). Let 1 < k < N and
{J1,...,Jx} be a partition of [N]. The following statements are equivalent:

L is block diagonal with k blocks Jy, ..., i,
K s block diagonal with k blocks Jv, ..., Jg,
ZnJi, ..., Zn Jp are mutually independent irreducible DPPs,

Gr, has k connected components given by Ji, ..., g,
L = D;LD;, for D;j = Diag(2x(J;) — 1) € D, for all j € [k].

Crds Lo o~

In particular, Proposition 7 shows that the degree of identifiability of L € S[J]r\f]
is Deg(L) = 2V~*, where k is the number of blocks of L.

Now that we have reviewed useful properties of DPPs, we are in a position
to study the information landscape for the statistical problem of estimating the

kernel of a DPP from independent observations.

3. GEOMETRY OF THE LIKELIHOOD FUNCTIONS
3.1 Definitions

Our goal is to estimate an unknown kernel L* € SEVJE from n independent
copies of Z ~ DPP(L*). In this paper, we study the statistical properties of
what is arguably the most natural estimation technique: maximum likelihood
estimation.

Let Zy,...,Z, be n independent copies of Z ~ DPP(L*) for some unknown
L* € S[J]r\f] The (scaled) log-likelihood associated to this model is given for any

++
LES[N],

. 1 &
(3.1) @(L)z;;}jkngAL):: > pslogdet(Ly) —logdet(I + L),
i=1 Jc[N]

where pj(L) = IP[Z = J] is defined in (2.2) and p; is its empirical counterpart
defined by

Py =

iﬂ&=ﬂ-
i=1
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Here 1(-) denotes the indicator function.
Using the inclusion-exclusion principle and the multilinearity of the determi-
nant, it is also possible to write ps(L) as

ps(L) = |det(K —Ij)],

where J is the complement of .J. Hence, the log-likelihood function can be defined

with respect to K € SO

[N] as

(3.2) U(K) = ) pslog|det(K —Ij)|.
Jc[N]

We denote by @« (resp. Up«) the expected log-likelihood as a function of L
(resp. K):

(3.3) Dr«(L) = 2 py(L*)logdet(Ly) —logdet(l + L).
Jc[N]
and
(3.4) U (K) = > ps(L*)log|det(K — I;)].
Jc[N]

For the ease of notation, we assume in the sequel that L* is fixed, and write
simply ® = ®p+, ¥ = Wy« and p% = p;(L*), for J < [N].

We now proceed to studying the function ®. Namely, we study its critical points
and their type: local/global maxima, minima and saddle points. We also give a
necessary and sufficient condition on L* so that & is locally strongly concave
around L = L* i.e., the Hessian of ® evaluated at L = L* is definite negative.
All our results can also be rephrased in terms of W.

3.2 Global maxima

Note that ®(L) is, up to an additive constant that does not depend on L, the
Kullback-Leibler (KL) divergence between DPP(L) and DPP(L*):
(L) = ®(L*) — KL (DPP(L*), DPP(L)) , VL € S

where KL stands for the Kullback-Leibler divergence between probability mea-

sures. In particular, by the properties of this divergence, ®(L) < ®(L*) for all

Le S[J]r\f], and

®(L) = ®(L*) < DPP(L) =DPP(L*) < L =DL*D, for some D€ D.

As a consequence, the global maxima of ® are exactly the matrices DL*D, for D
ranging in D. The following theorem gives a more precise description of ¢ around
L* (and, equivalently, around each DL*D for D € D).

THEOREM 8. Let L* € S[J]rﬁ, Z ~ DPP(L*) and ® = ®p«, as defined in (3.3).

Then, L* is a critical point of ®. Moreover, for any H € S|y,
Q2O(L*)(H, H) = — Var[Tx((L}) " Hy)].

In particular, the Hessian d?®(L*) is negative semidefinite.
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The first part of this theorem is a consequence of the facts that L* is a global
maximum of a smooth ® over the open parameter space S[J]r\;i The second part
of this theorem follows from the usual fact that the Fisher information matrix
has two expressions: the opposite of the Hessian of the expected log-likelihood
and the variance of the score (derivative of the expected log-likelihood). We also
provide a purely algebraic proof of Theorem 8 in the appendix.

Our next result characterizes the null space of d2®(L*) in terms of the deter-
minantal graph Gpx.

THEOREM 9. Under the same assumptions of Theorem 8, the null space of
the quadratic Hessian map H € Sy — A*®(L*)(H, H) is given by

(35) N(L*)={He Siny - Hij =0 for alli,j € [N] such that i ~px i}
In particular, d?®(L*) is definite negative if and only if L* is irreducible.

The set N(L*) has an interesting interpretation using perturbation analysis
when L* is reducible. On the one hand, since L* is reducible, there exits Dy €
D\{—1I, I} such that L* = DyL*Dy is a global maximum for ®7«. On the other
hand, take any small perturbation H € Spyq such that L* + H € SE\f] and
observe that both L* + H and Do(L* + H)Dy are global maxima for ®px. j,
that merge when H = 0. The Frobenius distance between L* and Do(L* + H)Dy
is |H — DoH Dyl F, which is maximized over H with fixed norm if and only if
DoHDy = —H. Such matrices H are precisely the matrices that span the null
space N'(L*) (see Lemma 21). This leads to the following interpretation of N'(L*):
The directions along which ®+ has vanishing second derivative are spanned by
the matrices H that push away any two merged modes of @+ (e.g., for D = I
and D = Dg) as much as possible.

It follows from Theorem 9 that ®« is locally strongly concave around L* if and
only if L* is irreducible since, in that case, the smallest eigenvalue of — d?®(L*)
is positive. Nevertheless, this positive eigenvalue may be exponentially small in
N, leading to a small curvature around the maximum of ® ;. This phenomenon
is illustrated by the following example.

Consider the tridiagonal matrix L* given by:

aif i =j,
Ly =<0bifli—j| =1,

0 otherwise,

where a and b are real numbers.

PROPOSITION 10. Assume that a > 0 and a®> > 2b>. Then, L* € S[JZ’VJE and
there exist two positive numbers c1 and co that depend only on a and b such that

0< inf —d?®(L*)(H, H) < cre 2V,
HeSiny:|H|p=1

While the Hessian cancels in some directions H € N(L*) for any reducible
L* e S[J;VJ]’, the next theorem shows that the fourth derivative is negative in any
nonzero direction H € N(L*) so that ® is actually curved around L* in any

direction.
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THEOREM 11. Let H € N(L*). Then,

(i) *®(L*)(H, H,H) = 0;
(it) d*®(L*)(H,H,H,H) = —3 Var [Tr ( )"1Hz)?)] <0;
(ii) d*®(L*)(H,H,H,H) =0 < H =

The first part of Theorem 11 is obvious, since L* is a global maximum of &.
However, we give an algebraic proof of this fact, which is instructive for the proof
of the two remaining parts of the theorem.

3.3 Otbher critical points

The function ®;« is not concave and so finding its global maximum is fraught
with difficulty. A standard approach is to work with a concave relaxation [CT04,
CR09, ABH16], which has proven to be successful in applications such as com-
pressed sensing, matrix completion and community detection. More recently, al-
gorithms that attempt to directly optimize a non-concave objective have received
growing attention, primarily driven by a good empirical performance and simple
implementation (see [AGMM15, CLS15, BWY17] for example).

In fact, there are two issues that confound such approaches. The first is spu-
rious local maxima where gradient ascent can get trapped. In some instances
such as matrix completion [GLM16] it can be shown that the non-concave ob-
jective has no spurious local maxima, while in others such as Gaussian mixture
models [JZB*16], it does. The second issue is the presence of a large and often ex-
ponential number of saddle points. Empirically, it has been postulated [DPG™14]
that escaping saddle points is the main difficulty in optimizing large non-concave
objectives. However if certain conditions on the saddle points are met then it is
known that one can efficiently find a local maximum [NP06, GHJY15].

Here we show that the function @7+ has exponentially many saddle points that
correspond to all possible partial decouplings of the DPP.

THEOREM 12. Let L* € S[V] and K* = L*(I + L*)" . Let Z ~ DPP(L*).
Then, the kernel L of any partial decoupling of Z is a critical point of ®px.

Moreover, it is always a saddle point when the partial decoupling is strict.

We conjecture that these are the only critical points, which would be a major
step in showing that despite the fact that ®j+ is non-concave, one can find its
maximum via first and second order methods. This would give a compelling
new example of a problem arising from big data where non-concave optimization
problems can be tamed.

CONJECTURE 13. Let L* € S[j\;i and Z ~ DPP(L*). The kernels of the partial
decouplings of Z are the only critical points of P x.

The following proposition provides some evidence, by verifying a consequence
of the conjecture:

PRrROPOSITION 14. Let L* € S[J]’VJE and let L be a critical point of @r«. Let

K* = L*(I + L*) ! and K = L(I + L) '. Then, K* and K have the same
diagonal.
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Therefore, the correlation kernel of any critical point has the same diagonal as
the correlation kernel of any decoupling of the initial DPP, and we believe that

more than just the diagonal entries, any diagonal block must be a subblock of
K*.

4. MAXIMUM LIKELIHOOD ESTIMATION

Let Zy,...,Zy, be n independent copies of Z ~ DPP(L*) with unknown kernel

L* e S[J;VJ]’ The maximum likelihood estimator (MLE) L of L* is defined as a

maximizer of the likelihood @ defined in (3.1). Since for all L € S[J]”VJE andall D € D,

&(L) = ®(DLD), there is more than one kernel L that maximizes ® in general.
We will abuse notation and refer to any such maximizer as “the” MLE. Since
there is a bijection (2.3) between kernels L and correlation kernels K, the random
correlation kernel K = L(I + L)~! maximizes the function ¥ defined in (3.2) and
therefore, is the maximum likelihood estimator of the unknown correlation kernel
K*=L*(I+ L*)~L.

We measure the performance of the MLE using the loss £ defined by

(L, L*) = min |L — DL*D|

where we recall that | - | denotes the Frobenius norm.
The loss ¢(L, L*) being a random quantity, we also define its associated risk R,
by
Ra(L, L*) = E[¢(L, LY)],

where the expectation is taken with respect to the joint distribution of the iid
observation Z1, ..., Z, ~ DPP(L*).
Our first statistical result establishes that the MLE is a consistent estimator.

THEOREM 15.

(L, L*) —= 0, in probability.

Theorem 15 shows that consistency of the MLE holds for all L* € S[+NJE How-
ever, the MLE can be 4/n-consistent only when L* is irreducible. Indeed, this is
the only case when the Fisher information is invertible, by Theorem 9.

Let M € Syj and ¥ be a symmetric, positive definite bilinear form on Spyy.
We write A ~ N, (M, %) to denote a Wigner random matrix A € Spyj, such
that for all H € Sy, Tr(AH) is a Gaussian random variable, with mean Tr(M H)
and variance X(H, H).

Assume that L* is irreducible and let L be the MLE. Let D € D be such that

IDLD — L*| = min | DLD - L*|

and set L = DLD. Recall that by Theorem 9, the bilinear operator d>®(L*) is
invertible and let V/(L*) be denote its inverse. Moreoever, it is clear that the third
derivative of logps(L) can be bounded uniformly with respect to J < [N] and L
in a small neighborhood of L*. By Theorem 5.41 in [vdV98], this yields

(@) VAL = VL o

7

(LZ) ™ =T+ L)) + pu,

1 n
=1
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where ||pn | F ——0in probability. Hence, we get the following theorem.
n—

THEOREM 16. Let L* be irreducible. Then, L is asymptotically normal, with
asymptotic covariance operator V(L*):

\/ﬁ(f’ - L*) —>N$[N] (07 V(L*)) >

n—aoo

where the above convergence holds in distribution.

Recall that we exhibited in Proposition 10 an irreducible kernel L* € S[J]r\f] that
is non-degenerate—its entries and eigenvalues are either zero or bounded away
from zero—such that V(L*)[H, H] = ¢V for some positive constant ¢ and unit
norm H € Spyj. Together with Theorem 16, it implies that while the MLE L con-
verges at the parametric rate n'/2, \/n Tr[(L — L*)T H] has asymptotic variance
of order at least ¢V for some positive constant c. It implies that the MLE suffers

from a curse of dimensionality.

In the sequel, we say that an estimator 6 of an unknown quantity 6 is n%-
consistent (for a given a > 0) if the sequence n®(# — 0) is bounded in probability.
In particular, if the sequence na(é — 0) converges in distribution, then 6 is no-
consistent.

When L* is not irreducible, the MLE is no longer granted to be 4/n-consistent,
because the Fisher information is not definite. However, by Theorem 9, the re-
striction of the Fisher information to the set of matrices supported on the blocks
of L* is definite, and it is only the fourth order of the expected log-likelihood that
does not vanish, if restricted to the set of matrices that coincide with L* on its
blocks. This suggests that the blocks of L* are estimated at the speed n=2 be
the maximum likelihood estimator, whereas the off-block entries of L* (that are
zeroes) are only estimated at the speed n~Y/4. This is formalized in the following
theorem, where, for all A € RV*N and J, J' = [N], we denote by Ay the N x N
matrix whose entry (4, 7) is A4; ; if (4,7) € J x J' and 0 otherwise.

THEOREM 17. Let L* € S[J]rﬁ be block diagonal with blocks P. Then, for J, J' €
P, J#J,

4.2 in|L;; — DL% ,D|p = —1/4

(4.2) gleg\l J,J J,J | = Op(n )

and

(4.3) min |L; — DL D|r = Op(n~1/?).
DeD

A standard argument entails that K = L(I + L)~ is the maximum likelihood
estimator of K*. It follows from Theorem 17 that glig |L—DL*D|p = Op(n~"/4).
€

As a consequence, glig |K — DK*D||r = Op(n~'/*). However, it is possible to
€

see that, as it is the case for L*, the blocks of K* are also estimated by K at
the parametric rate n=1/2. Let J be a block of K*. Then, it is also a block of L*.
Without loss of generality, assume that |L — L]z = minpep |L — DL*D|p. A
Taylor expansion yields
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K;— K3
= [La+ D] —[rra+ )7,

(L= L9+ L9 =2 U+ L) L= LY+ L97 +0 (JL-27[F)
= (Ly— L3I+ L3 = L5y + L%) Ly — L3Iy + L) L + Op (n*1/2)
= Op (n_l/Q) .

Hence, Theorem 17 can also be stated in terms of K*.

THEOREM 18. Let L* € S[+Ji be block diagonal with blocks P and K* =

L*(I + L*)~L. Then, for J,J' € P, J # J',

: G £ _ —1/4
(4.4) s |K 0 = DKG pD|p = Op(n=77)
and
(4.5) min |K; — DK*D|p = Op(n /?).
DeD

A computation of the MLE in dimension N = 2 shows that, when L* is re-
ducible (i.e., diagonal, in that case), the off-diagonal entry of L converges at
the speed n~1/* exactly, which shows that the rate n~'/4 cannot be improved in
general.

Theorem 18 is somewhat surprising, since the diagonal blocks of K depend on
the off-diagonal blocks of L, which are only n'/4-consistent. A blockwise compu-
tation actually shows that the diagonal blocks of K depends on the off-diagonal
blocks of L in a quadratic way.

It is also possible to compute K .5, for all j € [N]: It coincides with the esti-
mator of K7, obtained by the method of moments. Indeed, recall that L satisfies
the first order condition

(4.6) Z sl =T+ L)

Post-multiplying by L both sides of this equality and identifying the diagonal
entries yields

. . 1 &
Kjj= > #s= - Y. Lez,
JC[N]:J3j i=1
for all j = 1,...,N. This is the estimator of K *- obtained by the method of
moments and 1t is 4/n-consistent by the central hmlt theorem. More generally,
the same argument implies that for all critical pomts L of <I>, the diagonal entries

of the corresponding matrix K = E(I + IN/) are K“, =1,...,N. In addition,
a simple computation shows that the diagonal matrix Diag (diag(f( )) always
satisfies (18), hence, is a critical point of the log-likelihood ®. This matrix is a
decoupling of K, in the sense that it is the kernel of a decoupling of the DPP

with kernel K. However, in general, unlike for the population case (see Theorem
12), intermediate decouplings of K are not critical points of ®.
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5. CONCLUSION AND OPEN PROBLEMS

In this paper, we studied the local and global geometry of the log-likelihood
function. We gave a nuanced treatment of the rates achievable by the maximum
likelihood estimator and we establish when it can achieve parametric rates, and
even when it cannot, which sets of parameters are the bottleneck. The main open
question is to resolve Conjecture 13, which would complete our geometric picture
of the log-likelihood function.

In a companion paper [BMRU17], using an approach based on the method of
moments, we devise an efficient method to compute an estimator that converges
at a parametric rate for a large family of kernels. Moreover, the running time and
sample complexity are polynomial in the dimension of the DPP, even though here
we have shown that the strong convexity constant can be exponentially small in
the dimension.

6. PROOFS
6.1 A key determinantal identity and its consequences

We start this section by giving a key yet simple identity for determinants.
LEMMA 19. For all square matrices L € RN*V,

(6.1) det(T+L)= > det(Ly).
Jc[N]

This identity is a direct consequence of the multilinearity of the determinant.
Note that it gives the value of the normalizing constant in (2.2). Successive dif-
ferentiations of (6.1) with respect to L lead to further useful identities. To that

end, recall that if f(L) = logdet(L),L € S[J]r\f], then for all H € Sy,

df(L)(H) = Tr(L ' H).

++

Differentiating (6.1) once over L € S[N]

yields

(6.2) ) det(L,)Tr(Ly'Hy) = det(I + L) Tr((I + L) 'H), VH e Spyy.
Jc[N]

In particular, after dividing by det(I + L),

(6.3) > pAL)Tx(Ly'Hy) = Te((I + L)"'H), VH e Sy
Jc[N]

In matrix form, (6.3) becomes

(6.4) D piL)L =T+ L)
Jc[N]

Here we use a slight abuse of notation. For J < [N], L (the inverse of L) has
size |J|, but we still denote by L' the N x N matrix whose restriction to J is
L;l and which has zeros everywhere else.
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Let us introduce some extra notation, for the sake of presentation. For any
positive integer k and J < [N], define

ajr="Tr ((L;lH])k) and ap =Tr (((I + L)*lﬂ)k) ,

where we omit the dependency in H € Syj. Then, differentiating again (6.2) and
rearranging terms yields

(6.5) Z pJ(L)aJ,Q —az = Z PJ(L)G%,l - a%,
Jc[N] Jc[N]

for all H € Sy. In the same fashion, further differentiations yield
(6.6)
1

>, PJ(L)GJ,S_(I:S:—i( > pJ(L)GSJ,l_a?)‘i'%( > PJ(L)aJ,1aJ,2—a1a2)
Jc[N] Jc[N] Jc[N]

and

2 pJ(L)af“m - a‘f) - ( Z pJ(L)a?,,lam - a%@)
J[N] J<[N]

1

> pi(Dajiazs — a1a3> + 5( >} pa(L)ad, - &§>7
J[N] J<[N]

(6.7) +

for all H € Sn-
6.2 The derivatives of ®

Let L* € SJ]F\H and ® = ®y«. In this section, we give the general formula for
the derivatives of ®.

LEMMA 20.  For all positive integers k and all H € Sjpyy,

d*®(L*)(H, ..., H)
= (U= Y P T (@) T ) = T (1 LT )
Jc[N]

Proof
This lemma can be proven by induction, using the two following facts. If f(M) =

log det(M) and g(M) = M~ for M € S[J]’VJE, then for all M € S[J]rﬁ and H € Syny,

df(M)(H) = Tr(M~*H)

and
dg(M)(H) = —M 'HM .
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6.3 Auxiliary lemma

LEMMA 21. Let L* € S[JJFVJE and N'(L*) be defined as in (3.5). Let H € N'(L*).
Then, H can be decomposed as H = HO 4+ +H® where foreachj=1,...k,
HU) ¢ SNy 18 such that DWHWDW = —HO  for some DY) € D satisfying

DG *pU) = *

PROOF. Let H € N(L*). Denote by Ji,...,Ja the blocks of L* (M = 1 and
Ji = [N] whenever L* is irreducible). For i = 1,..., M, let D® = Diag(2x(J;) —
1) € D. Hence, DWL*DW = L* foralli=1,..., k.

For i, j € [k] with ¢ < j, define

H'%7) = Diag(x(J;))H Diag(x(J;)) + Diag(x(J;))H Diag(x(J;)).
Then, it is clear that

H= > H% and DWHWDO = _HOI) vi<j,

1<i<j<M
The lemma follows by renumbering the matrices H (7). O

6.4 Proof of Theorem 8

Theorem 8 is a direct consequence of Lemma 20 and identities (6.3) and (6.5).
0

6.5 Proof of Theorem 9

Let H € Sy be in the null space of d*®(L*), i.e., satisfy d*®(L*)(H, H) = 0.
We need to prove that H; ; = 0 for all pairs 4, j € [N] such that i ~7+ j. To that
end, we proceed by (strong) induction on the distance between 7 and j in Gpx,
i.e., the length of the shortest path from i to j (equal to oo if there is no such
path). Denote this distance by d(i, ).

By Theorem 8, Var[Tr((L%) 'Hz)] = 0 so the random variable Tr((L%) 1 Hz)
takes only one value with probability one. Therefore since p% > 0 for all J < [N]
and Tr((L*Q)*lH@) = 0, we also have

(6.8) Tr((L%)"'H;) =0, VJc[N].

We now proceed to the induction.

If d(i,j) = 0, then i = j and since L* is definite positive, L7, # 0. Thus, using
(6.8) with J = {3}, we get H;; = 0.

If d(i,j) = 1, then L7, # 0, yielding H;; = 0, using again (6.8), with J = {3, j}
and the fact that H;; = H;; = 0, established above.

Let now m > 2 be an integer and assume that for all pairs (i,7) € [N]?
satisfying d(i,j) < m, H;; = 0. Let i,j € [N] be a pair satisfying d(i,j) =
m + 1. Let (i,k1,...,km,J) be a shortest path from ¢ to j in Gyx and let J =
{ko,k1,...,km,kms+1}, where kg = ¢ and k41 = j. Note that the graph gLﬁ
induced by L% is a path graph and that for all s,t = 0,...,m 4+ 1 satisfying
|s —t| < m, d(ks, k) = |s — t| < m, yielding Hy, x, = 0 by induction. Hence,

(6.9) Te (L)™' Hy) = 2((L5)7"),; Hij =0,
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by (6.8) with J = {7, j}. Let us show that ((Lf‘,)*l)ij # 0, which will imply that
H,; = 0. By writing (L%)~! as the ratio between the adjugate of L% and its
determinant, we have

_ det Ly, 0y

(6.10) (@D, detL,

where L p(;),7\(;j} 18 the submatrix of L; obtained by deleting the i-th line and
j-th column. The determinant of this matrix can be expanded as

(611) det LJ\{Z},J\{j} = Z 6(0)Lza(i)LZ1,O’(k1) . Lzmﬂ'(km) 5
oeM; ;

where M, ; stands for the collection of all one-to-one maps from J\{j} to J\{i}
and, for any such map o, (o) € {—1,1}. There is only one term in (6.11) that
is nonzero: Let o € M;; for which the product in (6.11) is nonzero. Recall
that the graph induced by L% is a path graph. Since o(i) € J\{i}, L;’"U(i) =0

unless o (i) = ki. Then, Ly o(ky) 18 nONZETO unless o(k1) = k1 or ka. Since we
already have o(i) = k1 and o is one-to-one, o(k1) = ko. By induction, we show
that o(ks) = ksy1, for s = 1,...,m — 1 and o(k,,) = j. As a consequence,

det Lj\{i}J\{j} # 0 and, by (6.9) and (6.10), H; ; = 0, which we wanted to prove.

Hence, by induction, we have shown that if d2®(L*)(H, H) = 0, then for any
pair ¢, j € [ N| such that d(7, j) is finite, i.e., with i ~+ j, H; ; = 0.

Let us now prove the converse statement: Let H € Sy satisfy H; j = 0, for all
i,j with ¢ ~p+ j. First, using Lemma 21 with its notation, for any J < [N] and
j=1,...,k,

pP ()Y = (DPrspy) " = (5)
and
D?H&”D? _ _ng) .
Hence,
T ()7 aY) = T (D) DO EY) = — T (L~ H) = 0.

Summing over j = 1,...,k yields
(6.12) Tr ((L%)"'H,) = 0.
In a similar fashion,
(6.13) Tr((I+ L) 'H) =0.

Hence, using (6.5),

POLHYH H) = — >, py T (L5 Hy) + T (I + L*) 7' H) =0,
Jc[N]

which ends the proof of the theorem. O
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6.6 Proof of Proposition 10

Consider the matrix H € Sy with zeros everywhere but in positions (1, N)
and (N, 1), where its entries are 1. Note that Tr ((L?})ilHJ) is zero for all J < [N]
such that J # [N]. This is trivial if J does not contain both 1 and N, since H
will be the zero matrix. If J contains both 1 and N but does not contain the whole
path that connects them in Gy«, i.e., if J does not contain the whole space [N],
then the subgraph G L* has at least two connected components, one containing 1
and another containing N. Hence, LY is block diagonal, with 1 and N being in
different blocks. Therefore, so is (L*)~! and Tr (L)' H;) = 2 ((Lf})_l)1 N =0.

Now, let J = [N]. Then, ’

Tr ((Ly)'Hy) =2 ((L*)_l)l,N

_ gy vy v -1y)

=2(-1) det L*
bN—l

N+1

det L*

(6.14) =2(-1)

Write det L* = upn and observe that
U = aug_1 + b2uk,2, Vk =2

and u; = a,up = a® — b?. Since a® > 4b?, there exists p > 0 such that

k
NPTy
M) . VE > 1.

(6.15) ug = p ( 5

Hence, (6.14) yields

_ 2 2[b| )N
T (L5 Hy) | < = (— )
| I‘(( J) J)| /.L|b| <a+ a2—4b2

which proves the second part of Proposition 10, since a + va? — 4b% > a > 2|b)|.

Finally note that (6.15) implies that all the principal minors of L* are positive
so that L € S[J]’VJE O
6.7 Proof of Theorem 11

Let H € N(L*). By Lemma 20, the third derivative of ® at L* is given by

oL (HHH) =2 Y pyTe (L) Hy)®) —2Tx (1 +L%) " H)Y).
Jc[N]

Together with (6.6), it yields

d’®(L*)(H, H, H) = —( > piL)ad; — ai’) + 3( > pi(D)ajiazs - a1a2>-
Jc[N] Jc[N]

Each of the three terms on the right hand side of the above display vanish because
of (6.12), H € N(L*) and (6.13) respectively. This concludes the proof of (3).



MLE FOR DISCRETE DPPS 19

Next, the fourth derivative of ® at L* is given by

Ad*®(L*)(H,H,H,H) = —6 2 Py Te (L5 H)*) + 6 Tr (1 + L*) " H)%).

Using (6.7) together with (6.12), (6.13) and d*®(L*)(H, H, H) = 0, it yields

d4®(L*)(H, H, H, H) ( Z py T2 (L) LH)%) - Tr? (((I+L*)*1H)2)).

Since H € N'(L*), meaning d?®(L*)(H, H) = 0, we also have

Tr (( + L*)™ Z Py Te? ((L%) T Hy)?) .

Hence, we can rewrite d*®(L*)(H, H, H, H) as
d*®(L*)(H,H,H,H) = =3(E|Tx* (L}) 'Hz)?)| - E[Tr? ((L})*lHZ)Q)]Z) .

This concludes the proof of (7).

To prove (iii), note first that if H = 0 then trivially d*®(L*)(H, H, H, H) = 0.
Assume now that d*®(L*)(H, H,H,H) = 0, which, in view of (ii) is equivalent
to Var[Tr(((L%) ™" Hz)?)] = 0. Since Tr(((L¥) ' Hy)?) = 0, and pj > 0 for all
J < [N], it yields

(6.16) Te(((L%)'H;)?*) =0 VJc[N].

Fix 7,5 € [N]. If i and j are in one and the same block of L*, we know by
Theorem 9 that H; ; = 0. On the other hand, suppose that i and j are in different
blocks of L* and let J = {i, j}. Denote by h = H; j = H;;. Since L% is a 2 x 2
diagonal matrix with nonzero diagonal entries and H;; = H;; = 0, (6.16) readily
yields A = 0. Hence, H = 0, which completes the proof of (7). O

6.8 Proof of Theorem 12

Denote by ® = @7« and K* = L*(I + L*)"1. Let L be the kernel of a partial
decoupling of Z according to a partition P of [N]. By definition, the correlation
kernel K = L(I + L)~ is block diagonal, with blocks K ; = D;K3Dy,J e P, for
some matrix D € D. Without loss of generality, assume that D = I. Since L =
K(I — K)~!, L is also block diagonal, with blocks L; = K*(I; — K*)~!,J e P,
To see that L is a critical point of ®, note that the first derivative of ® can be
written in matrix form as

(6.17) d®(L) = Y pyLy' —(I+L)™"

where L;,l stands for the N x N matrix with the inverse of Lj on block J’ and
zeros everywhere else. Note that since L is block diagonal, so are each of the
terms of the right-hand side of (6.17), with the same blocks. Hence, it is enough
to prove that for all J € P, the block J of d®(L) (i.e., (d®(L));) is zero. Using
elementary block matrix operations, for all J < [N], the block J of L;,l is given
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by L;rlj > using the same abuse of notation as before. Hence, the block .J of d® (L)
is given by
Ae(L), = > phLyb, — s+ L),

J'c[N]
which can also be written as
(6.18) AD(L)); = Y, Puly' =L+ L) Y,
J'cJ
where
(6.19) o= Phom= Y, PlZ=J0J]=P[Z2nJ]=T].
JrcJ JreJ

Recall that Z n J is a DPP on J with correlation kernel K. Hence, its kernel
is Ly and (6.19) yields
Py =py(Ly).
Together with (6.18), it yields

(d®(L)); = d®r, (L),

which is zero by Theorem 8. This proves that L is a critical point of ®.

Next, we prove that if L is the kernel of a strict partial decoupling of Z, then
it is a saddle point of ®. To that end, we exhibit two matrices H, H' € Sinq such
that d2®(L)(H, H) > 0 and d?®(L)(H', H') < 0.

Consider a strict partial decoupling of Z according to a partition P. Let L and
K be its kernel and correlation kernel, respectively. In particular, there exists
JeP,ieJand je J such that Ki"jj # (0. Consider the matrix H with zeros
everywhere but in positions (i,j) and (j,7), where its entries are 1. By simple
matrix algebra,

d’®(L)(H, H)

== Y Py T (L Hp)?) + Te (0 + L) H?)
J'c[N]

(6.20)

—2 Z PJf L), (L;’lmj>j,j +2(I+ L)1), (@+L)),;

where we recall that for all J' < [N] and k € [N], (L' )x is set to zero if k ¢ .J'.
Denote by V; = (L )i and Y; = (L} ;); ;. Note that B[Y;] = ((I +L)7'), ..
Indeed, 7

E[Y;] = Z Pl (L;’mJ Z Z P J” /

J'C[N] Jcd e
=Z P[ZnJ=J]L; =ZpJ,LJ )..
JcJ J'cJ

-1 1
=Us+Ly)i; =T +1L);-

Here, the third equality follows from the fact that Ly is the kernel of the DPP
Z n J, the fourth equality follows from (6.4) and the last equality comes from the



MLE FOR DISCRETE DPPS 21

block diagonal structure of L. It can be checked using the same argument that
E[Y;] = ((I + L)"'), ;- Together with (6.20), it yields

(6.21) QO(L)(H, H) = —2E[Y;Y;] + 2E[V]E[Y;].

Next, recall that (X1,...,Xx) = x(Z) denotes the characteristic vector of Z
and observe that Y;Y; = 0 whenever X; = 0 or X; = 0 so that V;Y; = V;Y; X; X;.
Hence,

E[V;Y;] = B[V;Y}|X; = 1, X; = ||P[X; = 1, X; = 1].

Since L € S[J]r\f], we have IE[Y;Y];] > 0, yielding E[Y;Y;|X; = 1,X; = 1] > 0 by

the previous equality. Moreover,

P[X; =1,X; =1] = K} K}, — (K};)? < K} K3 = P[X; = 1]P[X; = 1],
where the inequality follows from the assumption K:j # 0. Hence,
(622) B[] < B[Y;Y|X; = 1,X; = 1JP[X; = 1]PX; = 1].

We now use conditional negative association. To that end, we check that Y; =
filx(Z nJ)) and Y; = f;(x(Z n J)), for some non decreasing functions f; and
f;. For any J' c J, define f;(J') = (L;,l)m-. It is sufficient to check that
(6.23) (L34 < (L7} wiis Yke\J
First, note that (6.23) is true if ¢ ¢ J', since in this case, (L},l)m- = 0 and
(L;,lu{k})m > 0. Assume now that ¢ € J' and consider the matrix Ly gy, of
which L j is a submatrix. Using the Schur complement, we get that

(6.24) (L}

1 -1
J’u{k})J’ = (LJ’ - TAAT) )

k.k

where A = Ly ;. Since Ly > 0 and AAT is positive semidefinite, then

1
Ly——AA" < Ly,
Ly

where < denotes the Lowner order on S[+N]. Moreover, it follows from the Lowner-
Heinz theorem that if A < B, then B~! < A~! for any nonsingular A, B € Sny-
Therefore,
_ 1 1
L' <(Ly——AAT) .
J ( Lk, i )
In particular, the above display yields, together with (6.24),

(L)

_ 1 1 _
(LJ’I)i,i = ((LJ’ - TAAT) ) J’u{k})(i,i)'

ke 1,0 =
This completes the proof of (6.23) and monotonicity of f; follows from the same
arguments.
We are now in a position to use the conditional negative association property
from Lemma 2. Together with (6.22), it yields
(6.25)
ElYY;] < E|Y;|X; =1, X; = 1]E[Y2|X; = 1, X; = 1]IP|X; = 1|IP|X; = 1].
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Next, note that

ElY;|X; =1,X, =1] < E[Y}|X; =1],
and

E[Y;|Xi = 1,X; = 1] < E[Y;|X; = 1].

These inequalities are also a consequence of the conditional negative association
property. Indeed, using Bayes formula and the fact that j ¢ J respectively, we
get

E[Y;X;|X; = 1]

E[Y;|X; =1,X; = 1] =

E[X;|X; = 1]
E[Y;|X; = JE[X;|X; = 1]
< = E[Y;|X; =1].
E[X;]|X; =1] Vil X =1]

The second inequality follows from the same argument and the fact that i ¢ J.
Finally, (6.25) becomes
E[YY;] < EY]E[Y;]
and hence, (6.21) yields that d2®(L)(H, H) > 0.
We now exhibit H’ such that d?®(L)(H, H) < 0. To that end, let H' be the
matrix with zeros everywhere but in position (1,1), where H {71 = 1. Let J be the
element of P that contains 1. By simple matrix algebra,

Co(L)(H H) =~ ) py(L5h), + ((T+D)7);,
J'c[N]

SR N R (LR AR

J'cJ greg

= 2 (X o) @I+ (L)Y

Jicd  grcg

= 2 pr L) (L) + (T + D)7,
J'cJ

(6.26) = A%®y,, (H, H)).

By Theorem 8, d*®, , (H';, H’;) < 0. In addition, by Theorem 9, d*®, ,(H';, H}) #
0 since H’, has at least one nonzero diagonal entry. Hence, d2d; SJ(HYHY) <0
and it follows from (6.26) that d>®(L)(H', H') < 0, which completes the proof of
Theorem 12. O

6.9 Proof of Proposition 14

Let L be a critical point of ® and K = L(I + L)~!. Then, for all N x N
matrices H,

d®(L)(H) = Y piTr(L;'Hy) —Tr ((I+L)"'H) =0.
Jc[N]

Fix t1,...,ty € R and define T' = Diag(t1,...,tn), H = LT. Then, since T is
diagonal, Hy = L;Ty, for all J c [N]. Using the above equation and the fact
that L and (I + L)~! commute, we have

(6.27) DT oph >ty = Te(KT) :JZV]

Jc[N]  jeJ j=1
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Since (6.27) holds for any ¢1,...,tx € IR, we conclude that

Kjj= > pi=Kj,
JC[N]:J3)

for all j € [IV], which ends the proof. O
6.10 Proof of Theorem 15

Our proof is based on Theorem 5.14 in [vdV98]. We need to prove that there

exists a compact subset E of S[J]rﬁ such that L € F eventually almost surely. Fix
a, € (0,1) to be chosen later such that o < f and define the compact set of

++
S[N] " [o,8]

e — -1 o,
Eopg={Le S| : K=L(I+L)" eSy"}.

Let § = min jc[n) p5. Since L* is definite positive, § > 0. Define the event A

by
A= () {p5<2ps<3p5}.
Jc[N]

and observe that on A, we have 3®(L) < 2®(L) < ®(L) simultaneously for all
Le S[J]rﬁ In particular,
(6.28) (L) = 20(L) = 20(L*) = 3B(L*),
where the second inequality follows from the definition of the MLE.
Using Hoeffding’s inequality together with a union bound, we get

(6.29) P[A] > 1 — 2N+l 0"/2

Observe that ®(L*) < 0, so we can define a@ < exp(3®(L*)/d) and f > 1 —
exp(3®(L*)/d) such that 0 <« < S < 1. Let L€ S[J;VJE\EO(,B and K = L(I+ L)'
Then, either (i) K has an eigenvalue that is less than «, or (7i) K has an eigenvalue

that is larger than (. Since all the eigenvalues of K lie in (0,1), we have that
det(K) < a in case (i) and det(I — K) < 1 — [ in case (7). Recall that

®(L) = ), phlog|det(K —I;)],,
Jc[N]

and observe that each term in this sum is negative. Hence, by definition of o and

B,
E3 < ES < ) . .
(L) < Pinyloga < dloga < 3®(L*) < P(L) ~ incase (i)
Py log(l — B) < dlog(l — B) < 3®(L*) < ®(L) in case (ii)
using (6.28). Thus, on A, ®(L) < ®(L) for all L € S[JZFVJE\Eaﬁ. It yields that on

this event, Le E,p.
Now, let € > 0. For all J < [N], ps(-) is a continuous function; hence, we can
apply Theorem 5.14 in [vdV98], with the compact set E, 5. This yields

P[U(L,L*) > ¢] < P[UL,L*) > ¢,L € Eppg] + P[L ¢ E, 3]
<SPIUL,L*) > e,L € Eyop] + (1 —P[A]).

Using Theorem 5.14 in [vdV98], the first term goes to zero, and the second term
goes to zero by (6.29). This ends the proof of Theorem 15. O
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6.11 Proof of Theorem 17

In order to prove this theorem, we use [Kos08, Theorem 14.4]. For L € S[J]’VJE,
let D € D such that |[DLD — L*|p = minpep |D'LD" — L*|p. In the proof
of Theorem 17, all functions evaluated at L are invariant under conjugations
by elements of D. Hence, we always assume that D is the identity matrix. We
decompose L — L* = H + K where H is supported on the blocs of L* and K
is supported off blocks and we denote by d(L,L*) = |H|r + | K|%. We start
with the following lemma, where we denote by N (L*)" the space of symmetric
matrices that are orthogonal to N'(L*) with respect to the canonical dot product.

LEMMA 22. There exist ¢ > 0 and dg > 0 such that the following holds. For all
L in a neighborhood of L*, write L—L* = H+ K, with (H, K) € N (L*)* <N (L*),
then,
®(L) — (L") < —c(|H[F + |K|F) -

This lemma proves that the first assumption of [Kos08, Theorem 14.4] is satis-
fied. In order to check the second assumption of [Kos08, Theorem 14.4], we first
write that for all L € Sf

[N]’

(6.30) (&) - &(2)) - (@(L) - @(L")

(6.31) = 3 (b —p%) (npy(L) — Inps(L*)).
Jc[N]

Write L — L* = H + K, where H is supported on the blocs of L* and K is
supported off blocks of L*. A Taylor expansion yields
Inp;(L) —Inpys(L¥)

=T ((£5)7 Hy) = 5 T ((E5)7 K)?) + o (IH] e + | KT3)

Hence, if |H||r < 6 and |K||r < /8, for some small § > 0,
(6.32) Inps(L) —Inps(L*)| < cd,

for some positive constant c.
Hence, by [vdV98, Lemma 19.38], the second assumption of [Kos08, Theorem
14.4] is satisfied, with ,,(0) = 6. This yield Theorem 17.

6.12 Proof of Lemma 22

Let L be in a small neighborhood of L* and write L = H + K, where (H, K) €
N(L*)E x N(L*). Since d®(L*) = 0 and d?®(L*)(K, K) = 0, a Taylor expansion
of @ yields:
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(L) — (L7)
1 1
= d2<I>(L*)(H + K, H+K) + 6d3<1>(L*)(H +K,H+K,H+K)

+ ﬂ d4q>(L*)(H +K,H+ K H+KH+K)+o(|H|p+|KYr)

1
= §d2<I>(L*)(H, H) + d®®(L*)(H,K) + 3 BPd(L*)(H, K, K)
(6.33)
1 4 * 1 4 * 2 4

Note that since d®(L™*) is semi-definite and K is in its null space, it also holds
that d®(L*)(H, K) = 0. By Theorem 8, d?®(L*)(H, H) = — Var[Tr((L%) 1 Hz)]
and, by Theorem 11, d*®(L*)(K, K, K, K) = —18 Var [Tr ((L%)"'Hz)?)]. The
only quantities that remain to be computed are d*®(L*)(H, K, K) and d*®(L*)(H, K, K, K).

Cram 23, d*®(L*)(H,K,K) = —cov (Tr ((L}) 'Hy),Tr (Ly) ' Ky)?)).

PRrOOF. The idea is the same as for the proofs of Theorems 8 and 11 and it
is based on differentiating (6.1) with respect to L. Though, unlike in Section 6.1,
we do not differentiate in one and the same direction. First, recall (6.2):

(6.34) D det(Ly) Te(Ly Hy) = det(I + L) Te((I + L) ' H).
Jc[N]

For simplicity’s sake, we denote by:

ap(J) = Te(L; H),

ax(J) = Tr(L;'K),

apg(J) =Tr (L;'HL;'K),
axk(J) =Tr ((L;'K)?),
(IHKK(J) =Tr ((LEIK)Q),
aKKK(J) =Tr ((L;lK)3),
ankrk(J)=Tr (L;'H(L;'K)?),
aKKKK(J) =Tr ((L;lK)4),

c [N], and by:

ag =Tr((I + L) 1H),

=Tr((I + L)7'K),
apk =Tr (I +L)'H(I + L) 'K),
agrg =Tr ((([-i—L)* K) )
CLHKKZTF((I-i-L )
aKKK:Tr((I—i-L 3),
agxrk = Tr (I + L))" H((I + L)' K)?),
Ok KKK = 1r (((I+ L) K) )
Note that, for instance, differentiating apx(J) in the direction K produces

—2ap ki (J), or differentiating ap x k in the direction K produces —3apyxxx. In
addition, differentiating det(L ;) in the direction K yields det(L)ax (/).

<

for

)
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Differentiating (6.2) in the direction K yields

1 det(Ly)am(ax(J) = ) det(Ly)anx(J)
JC[N] Jc[N]

(6.35) = det(I + L)CLHCLK — det(I + L)CLHK.

By differentiating again in the direction K,

D1 det(Ly)ap(ax(J)® = > det(Ly)amx (J)ax(J)
Jc[N] Jc[N]

— > det(Ly)ag(Nagk(J) = > det(Ly)ax(J)anx(J)
J<[N] Je[N]

+ 2 Z det(LJ)CLHKK(J)
Jc[N]

= det(I + L)CLHCL%( - 2det(I + L)CLHKCLK
(636) —det(I+L)CLHCLKK +2det(I+L)aHKK.

Now, similarly to Lemma 20,

d3e(L*)(H, K, K)

=2| > phanxk(J) —ankk |,
Jc[N]

where the quantities a.(J), a. are evaluated at L = L*.

Note that since H € N(L*)* and K € N'(L*), by Theorem 9, H is supported
on the blocks of L* and K™ is supported off blocs of L*. Hence, simple algebra
yields that ax(J) = agx(J) = ax = agx = 0 when evaluated at L = L*,
therefore, (6.36) entails

P*o(L*)(H, K, K)
(6.37) =— > phap(J)aKK(J) + apakk.
Jc[N]

By (6.2), ZJC[N] pf;a’H(J) = ap and since K € N(L*)v ZJC[N] pf;(IKK(J) =
axx. Thus, by (6.37),

d3®(L*)(H, K, K)
= —Elay(Z2)arxk(Z)] + Elay (2)|Elakk (Z)],

which yields Claim 23. O
Cram 24. d'®(L*)(H,K,K,K) = 0.

PROOF. This claim follows from differentiating (6.36) in the direction K and
noticing that each term contains vanishing factors, when evaluated at L = L*. [
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Now, if L* is in a small neighborhood of L*, (6.33) yields
(L) — ©(L*)
1 o 1 o
= — Var[Tr((L3) YHy) - 5 oV (Tr ((L%) 'Hy))

— éVar [T ((L3) 'K2)*)| +o (|H|E + | K|F)
(6.38)
= —é Var [2 Tr((L%)™'Hy) + Tr (((LE)_IKZ)2)] +o (HHH% + ‘|K|‘}17) :

CLAM 25.  IfH and K are nonzero, then Var [2Tr((Ly) "Hz) + Tr ((Ly) 'K2)?)] >
0.

PROOF. Assume that
(6.39) Var [2Tr((Ly)"'Hz) + Tr ((L3) 'K z)?)] = 0.

Then, for all J < [N], 2 Tr((L%) " H,)+Tr (((L%) 'K ,)?) = 0, since the random
variable inside the variance has mean zero. Recall that H needs to be supported
on the diagonal blocks of L*, whereas K needs to be supported outside of the
diagonal blocks of L*. Let i € [N] and take J = {i} in (6.39). Since K;; = 0, it
follows that (L;’"i)_lHZ-,i =0, ie.,, H;; = 0. Let 4,j € [N] be in the same block
of L* with ¢ # j and take J = {7,7} in (6.39). Since K; = 0, we obtain that
Tr((L%)~'H,) = 0, which readily yields that H; ; = 0. Hence, H = 0. Therefore,
(6.39) implies that Tr (((L%) ' Kz)?) = 0 for all J < [N], which, by Theorem
11, implies that K = 0.

]

Let g(H,K) = |corr (2Tr((LE) 'Hz), Tr ((Ly) 'Kz)?))|, for H € N(L*)*
and K € N(L*) with H # 0 and K # 0. Here, corr stands for the corre-
lation. The function ¢ is well defined, since H # 0 and K # 0 imply that
both random variables in the correlation have nonzero variance, by Theorems
8 and 11. Assume that there exists (H, K) € N(L*)* x N(L*) with H # 0 and
K # 0 such that g(H,K) = 1. Since 2Tr((L}) 'Hz) and Tr (((L}) ' K2)?)
are not identically zero, Cauchy-Schwartz inequality yields the existence of a
nonzero real number A such that 2Tr((L%) ' Hz) = ATr (((L})"'Kz)?) al-
most surely. Hence, the pair (A\"'H, K) contradicts Claim 25. Let £ be the
collection of all pairs (H,K) € N(L*)" x N(L*) with |H|r = |K|r = 1.
Since ¢ is a continuous function on the compact set, and g(H,K) < 1 for
all (H,K) € &, there must exist ¢t € [0,1) such that g(H,K) < t,V(H,K) €
&. Therefore, for all (H,K) € &, |cov (2Tr((L§)_1HZ),Tr(((L})_1K2)2))‘ <

t\/Var [2Tr((L%)1Hz)] Var [Tr (((L%) 'K 7)?)]. By positive homogeneity, this

must hold for all pair (H, K) € N(L*)" x N(L*). Therefore, by writing U =
2Tr((Ly) 'Hz) and V = Tr (((L}) 'Kz)?),

Var [U + V] = Var[U] + Var[V] + 2 cov(U, V)
> Var[U] + Var[V] — 2t4/Var[U] Var[V]
(6.40) > (1 —t) (Var[U] + Var[V]),
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using the inequality 2ab < a? + b?, for all real numbers a, b.
We end the proof of Lemma 22 with the following claim.

CLAIM 26. Let L* be reducible. There exists a positive constant C' such that
the following holds. For all H € Sy supported on the blocks of L* and all K €
SN supported off the blocks of L*,

Var[Tr((Ly) " Hz)] = C|H|%

and
Var [Tr (L)™' K2)?)] = CIK]-

PROOF. The first part of the claim is a consequence of Theorem 9, for any
choice of C that is smaller or equal to the smallest nonzero eigenvalue of — d?®(L*).
For the second part of the claim, note that K € Sy is supported off the blocks of
L* if and only if K € N(L*). By Theorem 11 and since K > d*®(L*)(K, K, K, K)
is continuous on the compact set {K € N'(L*) : | K|r = 1},

Cy = — sup d*®(L*)(K,K,K,K) >0
KeN(L#),| K| p=1

and the second part of the claim holds if C € (0, C}).

This ends the proof of Lemma 22, together with (6.40) and (6.38).
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