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G split semisimple group
U unipotent locus

B flag variety
Springer resolution:
U={u,B)eUxB:uecB >U

Steinberg variety: Z = U xq; U

Lusztig introduced the equivariant homology:
HMC(Z,Q) = QW] e Qltl

where W is the Weyl group and t the Cartan.

Coxeter presentation:

m,',]- mi,j
> —_—— ——
W=1{s1,s0,...,5,:57 =1, sSis; - - = §jSiS; « -

i ] ]°1°]

Braid group:

i j mi,j
—_—~— —_——
Brw =\01,02,...,0, : 0i0jo; *+» = 0j0j0j *++

Positive submonoid: Br},, C Bryy

For all B € Bry,, we'll define U/ () and Z(p).
For the identity 1, we'll have U(1) = Wand Z(1) = Z.



We're interested in
AY(B) = gr] HMC(Z(B), Q)
where W. is the weight filtration.

o . |Z(B)(Eq)l
Note + Y; i (=1)'g//2 dim AM(g) = ————.
%ij (1) ]
Goals of talk:
1. Relate A¥(g) to link homology
2. Relate U(B) — U to “full twist” duality in link
homology

3. Relate A™/(B) to representations of DAHAs
(“Cherednik algebras”)

How do braids relate to topological links?

If W=S5,, then Briy = Bry,.

The conjugacy class of § € Bry, is the same information as

its annular closure.

Embedding into R? gives a link.

Ex of € Br; gives a trefoil, as does (01 02)? € Brs.


https://en.wikipedia.org/wiki/Braid_group
https://www.ams.org/tran/2018-370-02/S0002-9947-2017-07117-8/

Broué-Michel and Deligne:

O:Bri, —

{ G-varieties over 8 X 8 }
144

up to strict isomorphism

It sends = 0, 0i, - - - 0y, to
poxpe:OB)={Bo 5B > 5B} >Bx8

w . ags
where — means relative position w.

Annular closure ~ pullback alongA: 8 — 8x 8

e Shende-Treumann-Zaslow (2013),
o Mellit (2019),
o Casals—Gorsky-Gorsky—Simental (2020)

studied the fibers of B(8) = A"1(O(g)) — B.

We instead define U () by the pullback

UP) —— 0Op)

l l

UxB — ., gx8

where act(u, B) = (uBu~!, B).
B(p) is the fiber of U(B) — U above 1 € U.
Define the Steinberg scheme of  to be:

Z(B) =U@) xq U(P)

Thus, U(1) = {(u,B) : uBu™' =B} =W and Z(1) = Z.



Prop (T) U(B) — U X B is a stratified fiber bundle.
The fibers are paved by algebraic tori.

Ex If G = SLy, then U is the quadric cone and 8 = Pl

U@) U(oy)

UXB={(u,B):ueBy{(u B):u¢B}

The map 1(((7]2) - UXBis:
e An Al-bundle over U(1).
e An (Al - pt)-bundle over U(o1).

B (Gf) is the pullback of the first bundle to {1} x 8 ~ Pl

Recall: Z(8) = U(1) xq; U(B) and
Ap) = By 81 HMC(Z(B)
Pull-push along projections from
UT) Xy U)X UPB)

defines an A(1)-action on A(B).
As aring, A(1) = Q[W] < Q[t].

By Springer theory,
s Homy(triv, A(B)) = B gt HP"C(U(p).
o Homw(sgn, A(B)) = B, gr H"C(B()).



For B € Br};, we can relate A(B) to the link closure ﬁ .

- ; 2
HOMFLY-PT-Khovanov-Rozansky: Ex Recall that for G = SLp, we described U (c°).

P : {links} /isotopy — Z[a*", *'](q"/?) Using |G(F)| = 4° — g, we compute:
Implicit in Galashin-Lam: For all § = gy, --- 04, € Bri, |‘L{(02)(Fq)| 1-g+ qZ
. - GE)l  1-¢
[al’+n—l]P(ﬁ) o Z fzq]/z dlmgr;WH?M’G(B(ﬁ)) |G( q)| q
7 IZ@)E)  1+52 1-qg+q>+q
where [—| means “coefficient of (—).” Gyl 1-q 1-4
=, _ a0 202\ 4 3413
2y = _ 3.4
Thm (T) Forany Wand € Br;\,z These reflect P(02) = e (a1 =g+ g°t) + a°qt).
I’(ﬁ) o Z t’iqi 2 (ql/ 2224)™ dim Homu (A (t), AY/ B)) Beyond SL; and SL3, not all irreps of W are in A*(t).

ik



For all W, there’s a ®-triangulated category Hyy, the
Hecke category, and a ®-trace functor:

HHH : Hw — grVect,

objects of Hyy up to strict
isomorphism

Rouquier: R : Bryy — {

Webster-Williamson: P() o dim HHH(R(B))

Thm (T) For all W, we can factor HHH as

H A*(t), —
Hy 22 grMod, (A1) 2O, o veet,

such that A(B) o« AH(R(B)) for positive B.

AH should match Gorsky-Hogancamp-Wedrich et al.

Use split form G over Fy and G = Go ® 1_3,,.

Hy = KY(Cgxg), where

Cgxs = {ju*,!*Q(’(D s } < Dl:nix,G(BO x Bo)
and j, is the inclusion {B N B’} C By x Bp.
Similarly:

Cg  (unipotent character sheaves on Go)
CE; (summands of the Grothendieck sheaf on Go)
Cy  (summands of the Springer sheaf on 1)

act

Bx 8 6x 875 G & Uinduces:

et
pr, act

0 Hy 55 Ki(Ce) — KE(CL) D KE(Cay)



Realization functors:
. xb b
p: K(C()) = Di(-)
AH (up to shifts) is:

gr¥ Hom* (-, Spr)V
ox

6
Hy 25 DL(U) gtMod,(A(1))

HHH is:

pr, act*

gy H'(G, (-) ® Fy)
Hy —— K(Co) — T

K? (grvect,)
To show HHH factors through AH, need work of Rider:

Homyy , (p(K), p(L) = € Homyg ¢, (K, Limd=1le)

To show AH(R()) = A(B), need p(R(B)) = js1 Q.

The full twist is a canonical central element 7 € Bry,,.

Gorsky-Hogancamp-Mellit-Nakagane, refining Kalman:
For g € Br, of length ¢, the following match up to a
power of f:

° [a"”’”]P(/?)
o [a""" PG

(“bottom a-degree”)

(“top a-degree”)

Ex In Brp, the full twist is T = 2.
1/2 _ 1/243
“1piy = 1 3 5y - 1 t
R = IR = T


https://arxiv.org/abs/1608.07308

Cor (T) For positive :
gr!' HMC(14(B)) = Homyy (triv, A(B))
~ Homyw/(sgn, A(Bm))
~ gl HMC(B(8n)

Conj (T) There’s a W<.-preserving homeomorphism:

[U(B)/G] =~ [B(r)/G]

Ex For G =SL;:
U1 =T"P, B(0?) = (P> - P!

Here both stack quotients are [pt/({£1} X G,)].

We can reduce to:

Conj (T) For all By, By € 8, there’s a W<.-preserving
homeomorphism:

wo

{ueU:uByu ™! =B} ~ {BGB:BOEBHBl}

Above, wy € W is the longest element.

Kawanaka matched their F4-point counts in 1975.
w
Ex Suppose G = SL3 and By — Bj.
The varieties are G;; X X7 and G,; X X3, where:
Xy ={(x,y,2) € A% : xyz = (x = 1)}

Homeomorphic but not isomorphic.



A braid € Bry,, is periodic of slope 2 iff p" = n"".

For such 8, we can compute
AP, = ) g g HMC(Z(B)
ij
fairly explicitly.

Uses a g-deformation that Jones used to compute P|—_1
for torus knots.

Thm (T) [A(B)]; is the graded character of a virtual
module over the rational DAHA

D = Q[W] = (Qlt] ® Q[t'])

m/n [x, ]/] _ <x’y> n Z[xeq)* (x,aV¥{a, y)sa

m

For cuspidal slopes ",

it is simple spherical or almost so.

Oblomkov-Yun, inspired by Varagnolo-Vasserot,
construct D:Z;n-actions on modules

gr]f) H*Gm (Mm/n)|621
where M,/ is a homogeneous parabolic Hitchin fiber.

Here, Hg, | (pt) = Qle] and P is a perverse filtration.

Conj (T) The A(1)-action on A(B) lifts to a graded AHA
action on:

HMEXCr(Z(p))

For periodic f of slope 2, induces a Dm; -action on:

grl HM CXCr(Z(8))] et



If B is periodic and Bryy — W sends f +— w, then
Clw)c W
is a complex reflection group.

In OY, the D:z;n-action commutes with a Br¢(,)-action.

For slopes %, Broué-Michel conjectured

BrC(w) = C([)’)‘

They showed C(8)* acts on the étale site of the
Deligne-Lusztig variety X(B).

X(p) is the pullback of O(f) along the graph of Frobenius.

Is there a C(8)*-action on gr}" HEM GxGm (ZB)e=1?

Thank you for listening.



