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Dispersive equations

Question: Why certain PDE are called dispersive equations?

Because, these PDE, when globally defined in space, admit solutions that are
wave that spread out spatially while maintaining constant mass and energy.

Probably the best well known examples are the Schrédinger and the KdV
equations and a large literature has been compiled about the multiple aspects
of these equations and their solutions.

In these two lectures | will consider the situation in which existence,
uniqueness, stability of solutions are available globally in time (global
well-posedness) and our goal is to investigate if a certain phenomena
physically relevant and already studied experimentally or numerically can be
proved also mathematically: the Forward Cascade or Weak Turbulence.
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Notion of Forward Cascade
Assume that u(x, t) is a smooth wave solution to a certain nonlinear
dispersive PDE defined for all times ¢.

How do frequency components of this wave interact in time at different scales
due to the presence of nonlinearity?

Consider the function f(k, t) := |i(k, t)|? and its subgraph at times ¢ = 0 and
t>0

t=0 >0
dxo) {(k,t)
//////
(217441 > —_
‘{ Ik| liel
A= mass Az wass
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Notion of Weak Turbulence

We know that from conservation of mass and Plancherel’s theorem,
/ |ti(k, t)|?dk = Constant,

that is the subgraph of the function f(k, t) := |U(k, t)|?> has a constant volume.
But how is its shape?

Expectation: when dispersion is limited by imposing boundary conditions (i.e.
periodic case), a migration from low frequencies to high ones could happen
for certain solutions.

Definition

For us today weak turbulence is the phenomenon of global-in-time solutions
shifting toward increasingly high frequencies.

This is the reason why this phenomenon is also called forward cascade.

Gigliola Staffilani (MIT) Very weak turbulence and dispersive PDE December, 2010 5/72



How do we capture forward cascade?

e How can we capture mathematically a low-to-high frequency cascade or
weak turbulence?

One way to capture this phenomenon is by analyzing the growth of high
Sobolev norms. In fact by using Plancherel’s theorem we see that

lu(t) 2. = / (k. £)[2 (k)2 alk

weighs the higher frequencies more as s becomes larger, and hence its
growth in time f gives us a quantitative estimate for how much of the support
of U has transferred from the low to the high frequencies k.
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Weak Turbulence, Scattering & Integrability

Weak turbulence is incompatible with scattering or complete integrability.

@ Scattering: In this context scattering (at +oc) means that for any global
solution u(t, x) € H* there exists uj € HS such that, if S(t) is the linear
Schrédinger operator, then

Jim Ju(t, x) = S()5 (x) |1 = 0.

Since [|S(t)ug [|ws = [lug | 1s, it follows that [|u(1)[|%,, cannot grow.

@ Complete Integrability: For example the 1D equation
(idy — A)u = —|ul?u

is integrable in the sense that it admits infinitely many conservation laws.

Combining them in the right way one gets that \|u(t)||f-45 < C; for all times.
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The trivial exponential estimate

For the problems we consider we have a very good local well-posedness
theory that allows us to say that for a given initial datum ug there exists a
constant C > 1 and a time constant § > 0, depending only on the energy of
the system (hence on ug) such that for all t:

(2.1) Ju(t +0)[|ms < Cllu(t)]|ps.
Iterating (2.1) yields the exponential bound:
(2.2) u(t)]| s < Crelt.

Here, Cq, Co > 0 again depend only on ug.
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From exponential to polynomial bounds

The first significant improvement over the exponential (trivial) bound is due to
Bourgain. The key estimate is to improve the local bound in (2.1) to:

(2.3) lut +0) [ < [lu(®)llm + Cllu(t) 11"

As before, C, 7y > 0 depend only on up and r € (0, 1) and usually satisfies
re~ % One can show then that (2.3) implies that for all t € R:

lu(B)][we < Cluo)(1 +|t])7.
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How to obtain the improved local estimate

@ Bourgain: used the Fourier multiplier method, together with the WKB
method from semiclassical analysis.

@ Colliander, Delort, Kenig and S. and S.: used multilinear estimates in
an X%b-space with negative first index.

© Catoire and W. Wang and Zhong: analyzed the local estimate in the
context of compact Riemannian manifolds following the analysis in the
work of Burg, Gérard, and Tzvetkov.

© Sohinger: used the upside-down I-method,

@ Collinder, Kwon and Oh : combined the upside-down I-method with
normal for reduction.
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A linear equation with potential

In the case of the linear Schrédinger equation with potential on T?:
(2.4) ius + Au = Wu.

better results are known.

@ Bourgain: Assume d = 1,2, smooth V with uniformly bounded partial
derivatives. Then for all e > 0 and all f € R:

(2.5) [u(®) |1 Ss,up,e (1+18)°

The proof of (2.5) is based on separation properties of the eigenvalues
of the Laplace operator on TY.

@ W. Wang: She improved the bound from (1 + |t|)¢ to logt .

@ Delort: Proved (2.5) for any d-dimensional torus, and for the linear
Schrédinger equation on any Zoll manifold, i.e. on any compact manifold
whose geodesic flow is periodic.
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Open Problems

The results above listed do not complete the whole picture. For example one
would like to prove

[u(®)[He Ss,u0, (14 [E)°

o for the linear Schrédinger equation with potential in RY when scattering is
not available.

« for some nonlinear dispersive equations on T or in any other manifold that
prevents scattering.

e Can one exhibit a solution for either NLS or KdV which Sobolev norms grow
at leastas logt ?
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Can one show growth of Sobolev norms?

About the last open problem listed one should recall the following result of
Bourgain:

Theorem

Given m, s > 1 there exist A and a global solution u(x, t) to the modified
wave equation .
(6{1 = A)U =uP

such that
u()llps ~ [8]™

The weakness of this result is in the fact that one needs to modify the
equation in order to make a solution exhibit a cascade.
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More references

Recently Gerard and Grellier obtained some growth results for Sobolev norms
of solutions to the periodic 1D cubic Szeg6 equation:

iowu = N(|uPu),
where (3, f(k)e*r) = Y k>0 f(k)e** is the Szegd projector.

@ Physics: Weak turbulence theory due to Hasselmann and Zakharov.
@ Numerics (d=1): Majda-McLaughlin-Tabak; Zakharov et. al.
@ Probability: Benney and Newell, Benney and Saffman.

To show how far we are from actually solving the open problems proposed

above | will present what is known so far for the 2D cubic defocusing NLS in
T2,
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The 2D cubic NLS Initial Value Problem in T?
We consider the defocusing initial value problem:

1) (=i + A)u = |uPu
' u(0, x) = up(x), where x € T2.

We have (see Bourgain)

Theorem (Global well-posedness for smooth data)

For any data uy € H5(T?), s > 1 there exists a unique global solution
u(x,t) € C(R, H®) to the Cauchy problem (4.1).

We also have
Mass = M(u) = [|lu(t)||> = M(0)
Energy = E(u) = /(%Wu(t, x)[2 + 2—1|u(x, 1)|*) dx = E(0).
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Two Theorems

Consider again the IVP

(—idy + A)u = |ulPu
(4.2) {u(O,X) — LSO(X), where x € T2,

Theorem (Bourgain, Zhong, Sohinger)

For the smooth global solutions of the periodic IVP (4.2) we have:

lu(®)llgs < Cslt]*"

Theorem (Colliander-Keel-S.-Takaoka-Tao)

Lets>1, K> 1 and0 < o < 1 be given. Then there exist a global smooth
solution u(x, t) to the IVP (4.2) and T > 0 such that

lwollws <o and |lu(T)IF, > K.
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On the proof of Theorem 1

Here | will propose a recent proof given by Sohinger (Ph.D. Thesis 2011). In
this approach the iteration bound comes from an almost conservation law,
which is reminiscent of the work of Colliander-Keel-S.-Takaoka-Tao (I-Team).
In other words, given a frequency threshold N, one can construct a “energy”
E(u), which is related to ||u(t)||xs, and can find § > 0, depending only on the
initial data such that, for some « > 0 and all t € R:

. 1 .
(5.1) E(u(t+0)) < C(1 + 17 ) E(u(t).
This type of iteration bound can be iterated O(N®) times without obtaining
exponential growth. We note that this method doesn’t require s to be a
positive integer (needed by Bourgain and Zhong).
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Upside-down I-operator

We construct an Upside-down l-operator. This operator is defined as a
Fourier multiplier operator.

Suppose N > 1 is given. Let ¢ : Z? — R be given by:

()2 if [n| > N
o(n) :=
(") {1,if|n§N

Then, if f : T?> — C, we define Df by:

Df(n) := 6(n)i(n).

We observe that:
IDf[ 2 Ss [[fllHs Ss N2 DF|| 2

Our goal is to estimate || Du(t)]|,2 , from which we can then estimate ||u(?)||ys-
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Good Local estimates
We first define the space X5 as:

f(x,t) € X5 if /Z|f(kT — [kP)2 dr < oo,

Theorem

There exist § = (s, E(up), M(Up)), C = C(s, E(up), M(up) > 0, which are
continuous in energy and mass, such that for all ty € R, there exists a globally
defined function v : T? x R — C such that:

|V|[fo’fo+5] = |U|[fo,fo+5]'
VI3 < C(s, E(to), M(uo))

DVl 0.5 < C(8, E(to), M(to))[[Du(to) ]| -

4
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Definition of E’

We then define the modified energy:
E'(u(t)) := | Du(t)||Z.

Differentiating in time, and using an appropriate symmetrization, we obtain
that for some ¢ € R, one has:

9 (u()=ic (62(ny) — 02(np) + 0%(ng) — 6(na))

at
Ny ~+n+n3+ny=0

X U(Mm ) U(n2)U(ns)u(na).
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Definition of E2

We now consider the higher modified energy, by adding an appropriate
quadrilinear correctionto E':

EZ(U) = E1(U) + Aa(My; u).

Some notation: Given k, an even integer, The quantity M is taken to be a
function on the hyperplane

rk ::{(n'la"'ﬂnk)e(zz)k? n1+"'+nk:0}7

and:
MM u):= > M(ny,....n)u(n)i(nz) - - U(nk).
ny+---+nk=0
Reason: We are adding the multilinear correction to cancel the quadrilinear
contributions from %E1 (u(t)) and “replace” it with a new term with the same
order of derivatives, but more factors of u to distribute these derivatives better.
Hence, we expect E2(u(t)) to vary more slowly than E'(u(t)).
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We denote nj := n; + nj, njx = n; + n; + n. It we fix a multiplier My, we
obtain:

g4 (Ma; u) = —ida(Ma(|m 2 — [n2f? + [na|* — |nal?); 1)

—i > [Ma(miz3, na. ns, ) — Ma(n1, Naaa, N5, ne )+
ny+nz2+n3+ns+ns+ns=0

+Ma(ny, N2, Nags, Ng) — Ma(ny, Nz, N3, Nysg)|

< U(n)T(n2)U(ns) (s U(ns)T(ne).
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The choice of M,

To cancel the forth linear term in %E1 (u) we would like to take

(62(n) — 62(n2) + 62(ns) — 62(n4))
My(ny,no,n3,n4) :=C
(11, M. 15, 1) M~ e 1 s — a2

but we have to make sure that this expression is well defined. There is the
problem of small denominators
42— |naf? + |na|? — [na?

which in fact become zero in the resonant set of four wave interaction.
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For (n1,ne, n3, n4) € T4, ONe has:
Im|? = |n2f? + [na|? — |na|* = 2n42 - n4a.

This quantity vanishes not only when ni2 = ny4 = 0, but also when ny, and
ni4 are orthogonal. Hence, on Iy, it is possible for

Iy [ — o] + g — [naf? = 0

but
6%(m) — 6(n2) + 67(ng) — 6%(na) # 0,

hence our first choice for M, is not suitable in our 2D case!
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The fix

We remedy this by canceling the non-resonant part of the quadrilinear term. A
similar technique was used in work of the |I-Team. More precisely, given
Bo < 1, which we determine later, we decompose:

Ma =Qn UQ,.
Here, the set Q,, of non-resonant frequencies is defined by:
Qpr := {(N1, M2, N3, Ng) € T4; N2, Mg # 0,]C0SZ(N12, Ma)| > Bo}

and the set Q, of resonant frequencies is defined to be its complement in I'4.
In the sequel, we choose:

1
o ~ -
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The final choice of M,

We now define the multiplier M, by:

(62(n1)—6%(np)+6%(n3)—6°(ny)) in Q
Ma(ny, n2, N, ng) = [m[2—=ne[+]ng |*—[na|? nr
0in Q,

Let us now define the multiplier Mg on I's by:

Me(n1, N2, N3, na, N5, ng)  :=  Ma(Ni23, N4, Ns, Ng) — Ma(N1, Noza, Ns, Ng)
+  May(nq, N2, Naas, ng) — Ma(ny, N2, N3, Nase)
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We obtain:

d
SE =
D7 (603(m) — 62(n2) + 67(ns) — 6%(na) ) U(ny ) U(N2)U(n) () +
Q
+ 3" Ms(m, ..., ng)u(n)U(n2)U(ns)U(ns)U(ns ) T(re)

ny+...+ns=0

It is crucial to prove pointwise bounds on the multiplier My. We dyadically
localize the frequencies, i.e, we find dyadic integers N; s.t. |n;| ~ N;. We then
order the N;s to obtain:

Nf > N; > N3 > Nj.

The bound we prove is:
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Bound on M,

Lemma (Pointwise bounds on M,)
With notation as above,

My ~ =25 0(NT)O(N3).

N
(N7 )2

This bound allows us to deduce for example the equivalence of E' and E?:
Lemma

One has that:
E'(u) ~ E3(u)

Here, the constant is independent of N as long as N is sufficiently large.
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The main lemma
But more importantly, for 6 > 0, we are interested in estimating:

E2(u(ty + ) — EZ(u(ty)) = / 9 E2(u(t)) ot

The iteration bound that one show is:

Lemma
For all t € R, one has:

|E(ulto + ) ~ EX(u(t)| £ v E*(u().

In the proof of this lemma the key elements are the local-in-time bounds for

the solution, the pointwise multiplier bounds for M, and the known Strichartz
Estimates on T?2.
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Conclusion of the proof

To finish the proof we now observe that the estimate

E2(u(to +0)) < (1 + 1o )EX(u(t))

can be iterated ~ N'~ times without getting any exponential growth. We
hence obtain that for T ~ N'~, one has:

[Du(T)|[2 S [IDoll -
It follows that:

Ju(T) e S N°[[to]| s
and hence:

~

This proves Theorem 1 for times t > 1. The claim for times f € [0, 1] follows
by local well-posedness theory.

[u(T) ke S T tollke < (14 T)*F o]l
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Theorem 2 and the elements of its proof
We recall that Theorem 2 states:

Theorem (Colliander-Keel-S.-Takaoka-Tao)

Lets >1, K> 1and0 < o < 1 be given. Then there exist a global smooth
solution u(x, t) to the IVP

(—idr + A)u = |ulPu
u(0, x) = up(x), where x € T?,

and T > 0 such that

lwollws <o and [lu(T)F, > K.

@ Reduction to a resonant problem RFNLS

@ Construction of a special finite set A of frequencies
@ Truncation to a resonant, finite-d Toy Model

@ “Arnold diffusion” for the Toy Model

@ Approximation result via perturbation lemma
© A scaling argument
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2. Finite Resonant Truncation of NLS
We consider the gauge transformation
v(t,x) = e 2Gy(t, x),
for G € R. If u solves NLS above, then v solves the equation
((NLS)g) (=i + A)v = (2G + v)|v[%.
We make the ansatz

V(f, X) _ Z an(t)ei((n,x>+|n‘2t).
nez?

Now the dynamics is all recast trough an(f):

—ida, = 2Ga, + Z an, @n, an, €

ny—ng+n3=n

where wq = |M > — [mo|? + |32 — |nf?.
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The FNLS system

By choosing
G=—v()lE= - Zlak

which is constant from the conservation of the mass, one can rewrite the
equation above as

—idian = —apl|an|? + Z an, @n,an, €"“*!

ny,n2,ng€r(n)

where
T(n)={ny,no,n3 € Z2 | ny — o + N3 = n; ny # n; N3 # n}.

From now on we will be refering to this system as the FNLS system, with the
obvious connection with the original NLS equation.

Gigliola Staffilani (MIT) Very weak turbulence and dispersive PDE December, 2010 33/72



The RFNLS system

We define the set

rres(n) = {n17n2, n3 € r(n) /W4 = 0},

where again ws = |[ny[2 — |n2|? + |ng|? — |nf2.

The geometric interpretation for this set is the following: If ny, n>, n3 are in
Ires(n), then these four points represent the vertices of a rectangle in Z2.
We finally define the Resonant Truncation RFNLS to be the system

—i0tby = —bylbs?+ > bn bnbn,.

m ;n27n3€rres(n)
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Finite dimensional resonant truncation

@ A finite set A C Z2 is closed under resonant interactions if
N, N2, N3 € Tres(N), Ny, N2,n3 €N =:n=ny —n2+ng e,
@ A A-finite dimensional resonant truncation of RFNLS is

(RFNLSy) —i8¢bp = —bn|bp|? + > b, By by

(m 7”2:n3)€rres(n)ﬂ/\3

@ V resonant-closed finite A ¢ Z2, RFNLS, is an ODE.

We will construct a special set A of frequencies.
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3. Abstract Combinatorial Resonant Set A

Our goal is to have a resonant-closed A = A1 U - - - U Ay with the properties
below.
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3. Abstract Combinatorial Resonant Set A

Our goal is to have a resonant-closed A = A1 U - - - U Ay with the properties
below. Define a nuclear family to be a rectangle (ny, nz, n3, ns) where the

frequencies ny, n3 (the 'parents’) live in generation A; and n., n4 (‘children’) live
in generation A 4.
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3. Abstract Combinatorial Resonant Set A

Our goal is to have a resonant-closed A = A1 U - - - U Ay with the properties
below. Define a nuclear family to be a rectangle (ny, nz, n3, ns) where the
frequencies ny, nz (the 'parents’) live in generation A; and no, n4 (children’) live
in generation A 4.

@ Existence and uniqueness of spouse and children: V1 < j < N and

vV ny € A; 3 unique nuclear family such that ny, n3 € A; are parents and
no, ng € Ajyq are children.
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3. Abstract Combinatorial Resonant Set A

Our goal is to have a resonant-closed A = A1 U - - - U Ay with the properties
below. Define a nuclear family to be a rectangle (ny, nz, n3, ns) where the
frequencies ny, nz (the 'parents’) live in generation A; and no, n4 (children’) live
in generation A 4.
@ Existence and uniqueness of spouse and children: V1 < j < N and
vV ny € A; 3 unique nuclear family such that ny, n3 € A; are parents and
no, ng € Ajyq are children.

@ Existence and uniqueness of siblings and parents: V1 <j < N and
V ne € Ajr4 3 unique nuclear family such that n», ns € A1 are children
and nq, n3 € A; are parents.
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3. Abstract Combinatorial Resonant Set A

Our goal is to have a resonant-closed A = A1 U - - - U Ay with the properties
below. Define a nuclear family to be a rectangle (ny, nz, n3, ns) where the
frequencies ny, nz (the 'parents’) live in generation A; and no, n4 (children’) live
in generation A 4.
@ Existence and uniqueness of spouse and children: V1 < j < N and
vV ny € \j 3 unique nuclear family such that ny, n3 € A; are parents and
no, ng € Ajyq are children.
@ Existence and uniqueness of siblings and parents: V1 <j < N and

V ne € Ajr4 3 unique nuclear family such that n», ns € A1 are children
and nq, n3 € A; are parents.

@ Non degeneracy: The sibling of a frequency is never its spouse.
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Our goal is to have a resonant-closed A = A1 U - - - U Ay with the properties
below. Define a nuclear family to be a rectangle (ny, nz, n3, ns) where the
frequencies ny, nz (the 'parents’) live in generation A; and no, n4 (children’) live
in generation A 4.
@ Existence and uniqueness of spouse and children: V1 < j < N and
vV ny € \j 3 unique nuclear family such that ny, n3 € A; are parents and
no, ng € Ajyq are children.

@ Existence and uniqueness of siblings and parents: V1 <j < N and
V ne € Ajr4 3 unique nuclear family such that n», ns € A1 are children
and nq, n3 € A; are parents.

@ Non degeneracy: The sibling of a frequency is never its spouse.
@ Faithfulness: Besides nuclear families, A contains no other rectangles.
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3. Abstract Combinatorial Resonant Set A

Our goal is to have a resonant-closed A = A1 U - - - U Ay with the properties
below. Define a nuclear family to be a rectangle (ny, nz, n3, ns) where the
frequencies ny, nz (the 'parents’) live in generation A; and no, n4 (children’) live
in generation A 4.
@ Existence and uniqueness of spouse and children: V1 < j < N and
vV ny € \j 3 unique nuclear family such that ny, n3 € A; are parents and
no, ng € Ajyq are children.

@ Existence and uniqueness of siblings and parents: V1 <j < N and
V ne € Ajr4 3 unique nuclear family such that n», ns € A1 are children
and nq, n3 € A; are parents.

@ Non degeneracy: The sibling of a frequency is never its spouse.
@ Faithfulness: Besides nuclear families, A contains no other rectangles.

@ Integenerational Equality:The function n — a,(0) is constant on each
generation A;.
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More properties for the set A

@ Multiplicative Structure: If N = N(o, K) is large enough then A consists
of N x 2N=1 disjoint frequencies n with |n| > N = N(o, K), the first
frequency in A is of size N and the last frequency in Ay is of size C(N)N.
We call N the Inner Radius of A.

@ Wide Diaspora: Given o < 1 and K >> 1, there exist M and
AN =A{U....UAy as above and

2s E 2s
> InfE = =5 > Infe.

neiy nei

@ Approximation: If spt(a,(0)) C A then FNLS-evolution a,(0) — an(t) is
nicely approximated by RFNLSA-ODE a,(0) — by(t).

@ Given ¢, s, K, build A so that RFNLS, has weak turbulence.
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4. The Toy Model

@ The truncation of RFNLS to the constructed set A is the ODE

(RFNLSy) —i¢bp = —bn|bn|? + > by, b, by,

(n1,n2,n3) EA3NT res(n)

@ The intergenerational equality hypothesis (n — b,(0) is constant on
each generation A;.) persists under RFNLSy:

V' m,nc A, bp(t) = bm(1).

@ RFNLS,\ may be reindexed by generation number j.
The recast dynamics is the Toy Model (ODE):

—i0eb(t) = —by()|bi(t)|? — 2b;—1 (£)b;(t) — 2by11(1)B(1),

with the boundary condition

(BC) bo(t) = bn11(t) = 0.
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Conservation laws for the ODE system
The following are conserved quantities for (ODE)
Mass = " |bj(t)|> = Co
i

Momentum =" |bj()? > n=C,

] neh,
and if
Kinetic Energy = > |bj(1)[2 ) _ |n|?
] nen,
Potential Energy = %Z b0 + 3 1B (D,
J )
then

Energy = Kinetic Energy + Potential Energy = Co.
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Toy model traveling wave solution

Using direct calculation’, we will prove that our Toy Model ODE evolution
b;(0) — b;(t) is such that:
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Toy model traveling wave solution

Using direct calculation’, we will prove that our Toy Model ODE evolution
b;(0) — b;(t) is such that:

(51(0), b5(0), ..., bw(0)) ~ (1,0,....0)
(b1(t2), b2(t2), - -, bau(t2)) ~ (0,1,...,0)

(b1(tn), b2(tn), - -, bau(tv)) ~ (0,0,...,1)

Bulk of conserved mass is transferred from A4 to Ay. Weak turbulence lower

bound follows from Wide Diaspora Property.

"Maybe dynamical systems methods are useful here?
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Instability for the ODE: the set up

Global well-posedness for ODE is not an issue. Then we define
Yy={xeCV/|xP=1}and W(t): ¥ — %,

where W(t)b(t) = b(t + ) for any solution b(t) of ODE. It is easy to see that
forany b e &

2
il byl? = 4R(iby" (b} + bf1)) < 4.
So if
bj(0) =0 implies b;(t) =0, forall te[0,T].

If moreover we define the torus

then
W()T; =T; forallj=1,...N

(T; is invariant).
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Instability for the ODE

Theorem (Sliding Theorem)

Let N > 6. Given ¢ > 0 there exist x3 within e of Tz and xy_» within e of Tn_»
and a time t such that
W(t)X3 = XN—2.

Remark

W(t)xs is a solution of total mass 1 arbitrarily concentrated near mode j = 3
at some time ty and then arbitrarily concentrated near mode j = N — 2 at later
time t.

4
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The sliding process

To motivate the theorem let us first observe that when N = 2 we can easily
demonstrate that there is an orbit connecting Ty to T». Indeed in this case we
have the explicit “slider” solution

b ety b e—t,,2
11.1 l) = —; t) = —F/———=
( ) 1( ) 1+ g2V3t 2( ) 14+ e—2V3t

where w := €?™/3 is a cube root of unity.

This solution approaches T exponentially fast as t — —oo, and approaches
T, exponentially fast as t — +o0c. One can translate this solution in the j
parameter, and obtain solutions that “slide” from T; to T}, 1. Intuitively, the
proof of the Sliding Theorem for higher M should then proceed by
concatenating these slider solutions......
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This is a cartoon of what we have:

o~

Tj Tl TQ

Figure: Explicit oscillator solution around T; and the slider solution from Ty to T»

This though cannot work directly because each solution requires an infinite
amount of time to connect one circle to the next, but it turns out that a suitably

perturbed or “fuzzy” version of these slider solutions can in fact be glued
together.
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5. A Perturbation Lemma

Lemma

Let A C 72 introduced above. Let B> 1 and § > 0 small and fixed. Let
te[0,T] and T ~ B?log B. Suppose there exists b(t) € I'(N\) solving RFNLS,
such that

b))l < B~

Then there exists a solution a(t) € I'(Z?) of FNLS such that
a(0) = b(0), and |la(t) — b(t)|ln@ze) S B~

forany t € [0, T].

Proof.

This is a standard perturbation lemma proved by checking that the “non
resonant” part of the nonlinearity remains small enough. OJ
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Recasting the main theorem
With all the notations and reductions introduced we can now recast the main
theorem in the following way:

Theorem
Forany 0 < o < 1 and K >> 1 there exists a complex sequence (a,) such that

1/2
(Z |an|2n|23) S0

nezz?

and a solution (a,(t)) of (FNLS) and T > 0 such that

1/2
(Z |a,,(T)2|n|25) > K.

nez?

Gigliola Staffilani (MIT) Very weak turbulence and dispersive PDE December, 2010 62/72



6. A Scaling Argument

In order to be able to use “instability” to move mass from lower frequencies to
higher ones and start with a small data we need to introduce scaling.

Consider in [0, 7] the solution b(t) of the system RFNLS, with initial datum by.
Then the rescaled function

_ t
B () = A"b(5)

solves the same system with datum b = A~ by.

We then first pick the complex vector b(0) that was found in the “instability”
theorem above. For simplicity let’s assume here that b;(0) =1 — €if j = 3 and
b;(0) = €if j # 3 and then we fix

b>(0) forany ne A,
2n(0) { 0 otherwise .
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Estimating the size of (a(0))

By definition
1/2 ] N 1/2 ]
<Z|an(0)|2|n|25> = IO [ Y] |~ @
nen j=1 nen;

where the last equality follows from defining

> InPe=q,

neA/-

and the definition of a,(0) given above. At this point we use the proprieties of
the set A to estimate Q; = C(N)N?¢, where N is the inner radius of A. We
then conclude that

1/2
<Z |an(0)|2|n|23> = A" TC(N)NS ~ 0.

nen
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Estimating the size of (a(T))

By using the perturbation lemma with B = X and T = A\?>7 we have
|a(T)llme = 16*(T)lke — lla(T) = bX(T)llwe = h — k.
We want b < 1 and /1 > K. For the first

1/2 1/2
ke < lla(T) = bN(T)|1(z2) <Z |n|23> AT (Z nl“) :

nen nen

As above
b < ATTOC(N)NS

At this point we need to pick A and N so that
|a(0)|lgs = A"TC(N)NS ~ o and b <A PC(N)NS < 1
and thanks to the presence of § > 0 this can be achieved by taking A and N

large enough.
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Estimating /

It is important here that at time zero one starts with a fixed non zero datum,
namely ||a(0)|| s = [|b*(0)||ws ~ o > 0. In fact we will show that

K2
1 =116MNT)|I% > ?HbA(O)Hi,S ~ K2,
If we define for T = )2t

_ SaealBOPHRINS
> nen IDA(O) I

then we are reduce to showing that R > K2/02. Now recall the notation

A=AU...UAy and > |n**=Q.
nen;
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More on Estimating /;

Using the fact that by the theorem on “instability” one obtains b;(T) =1 — € if

j=N-—2andb(T) =eif j # N—2, it follows that

St e, IB}(N21)2[n[2S
S Y en, 16} (0)[2]n[2s
S Qn—2(1 —¢) N Qn—2o(1 — )
T (1)@t Qv gy L (1 - +....+e]

S (1—¢) _ Qn_>

- (1 o 6) Q%Z Qs

and the conclusion follows from large diaspora” of A;:

K? K?
vz = Z Inf* =z — Z nf?® = ?03'

2
g
neNN_2 neis
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Where does the set A come from?

Here we do not construct A, but we construct X, a set that has a lot of the
properties of A but does not live in Z2.

We define the standard unit square S c C to be the four-element set of
complex numbers

S=1{0,1,1+1i,i}.

We split S = S; U Sy, where Sy :={1,i} and S, := {0,1 +i}. The
combinatorial model ¥ is a subset of a large power of the set S. More
precisely, for any 1 < j < N, we define £; ¢ CN~" to be the set of all
N —1-tuples (zy,...,zy—1) suchthat z1,...,zy € S and z,...,zy_1 € S5.
In other words, , .

Y =8 xSV
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Note that each ¥; consists of 2V~ elements, and they are all disjoint. We
then set ¥ = ¥4 U... U X; this set consists of N2V-1 elements. We refer to
¥ as the j™ generation of ¥.

For each 1 <j < N, we define a combinatorial nuclear family connecting
generations ¥;, ¥, 1 to be any four-element set F C ¥; U ¥ 4 of the form

F={(z1,...,Z-1,W,Zj41,...,2y) : W € S}
where zy,...,zi_4 € S; and z;,4,...,2y € S; are fixed. In other words, we
have
F={Fo,F.,F,F}={(z1,...,Z-1)} x Sx{(Zj41,...,2n)}
where Fy, = (24,...,2Zj_1, W, Zj41,. .., ZNn).
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It is clear that

@ F is a four-element set consisting of two elements Fq, F; of X; (which we
call the parents in F) and two elements o, F1; of ;1 (which we call the
childrenin F).

@ For each j there are 2N~2 combinatorial nuclear families connecting the
generations ¥; and ¥ 1.
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Properties of &

One easily verifies the following properties:

@ Existence and uniqueness of spouse and children: Forany 1 <j< N
and any x € ¥; there exists a unique combinatorial nuclear family F
connecting ¥; to ;4 such that x is a parent of this family (i.e. x = F; or
x = Fj). In particular each x € ¥; has a unique spouse (in ¥;) and two
unique children (in X;,4).

@ Existence and uniqueness of sibling and parents: Forany 1 <j < N and
any y € ¥, there exists a unique combinatorial nuclear family F
connecting X; to >4 such that y is a child of the family (i.e. y = Fq or
¥y = Fi4). In particular each y € ¥;,4 has a unique sibling (in X;,1) and
two unique parents (in ).

@ Nondegeneracy: The sibling of an element x € ¥, is never equal to its
spouse.
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Example:

If N =7, the point x = (0,1+1,0,i,i,1) lies in the fourth generation ¥ 4. Its
spouse is (0,1 +1i,0,1,i,1) (also in £4) and its two children are
(0,1+14,0,0,i,1)and (0,1 +4,0,141i,i,1) (both in ¥5). These four points
form a combinatorial nuclear family connecting the generations ¥4 and 5.
The sibling of x is (0,1 4,1+ /,i,i,1) (also in ¥4, but distinct from the
spouse) and its two parents are (0,1 +4,1,i,i,1)and (0,1 +1i,i,i,i, 1) (both in
¥ 3). These four points form a combinatorial nuclear family connecting the
generations ¥3 and ¥ 4. Elements of ¥4 do not have siblings or parents, and
elements of X7 do not have spouses or children.
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