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General FUP

An uncertainty principle

e Unitary semiclassical Fourier transform 7, : L2(R) — L2(R)
Faf(x) = (2nh) 3 (%) = (2mh) 2 / e W F(y) dy
h R

Here 0 < h < 1 is called the semiclassical parameter

e For X C IR, denote by 1x : L?(R) — L2(R) the multiplication operator
by the indicator function of X

Semyon Dyatlov Minicourse on FUP, Lecture 2 March 22-25, 2021 2/ 16



General FUP

An uncertainty principle

e Unitary semiclassical Fourier transform 7, : L2(R) — L2(R)

Ff () = (nh)y 2 F(5) = nn) [ e i) 0y

Here 0 < h < 1 is called the semiclassical parameter

e For X C IR, denote by 1x : L?(R) — L2(R) the multiplication operator
by the indicator function of X

e We say that two h-dependent sets X = X(h), Y = Y(h) C R
satisfy the uncertainty principle with exponent 3 if

11x Fh Iy [l 2y 2m) = O(h?) as h—0
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General FUP

An uncertainty principle
e Unitary semiclassical Fourier transform 7, : L2(R) — L2(R)

Fuf(x) = (2nh)~2 ?(%) = (2rh) "z /R e Y F(y) dy

Here 0 < h < 1 is called the semiclassical parameter

e For X C IR, denote by 1x : L?(R) — L2(R) the multiplication operator
by the indicator function of X

e We say that two h-dependent sets X = X(h), Y = Y(h) C R
satisfy the uncertainty principle with exponent 3 if

11x Fr Iy |l 2(r)s12r) = O(h°) as h—0
e This is equivalent to the following estimate for all f € L?(R):
suppf C h1Y = x|l 2m) < CH|If]| 2
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General FUP

Basic uncertainty principles

e Looking for
1 1x Fi 1y |l 2@)—r2@) = O(h”) as h—0

e Trivial bound: 8 =0as || 1x Fply |22 <1
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General FUP

Basic uncertainty principles

e Looking for
| 1x Fn 1y ||L2(R)—>L2(R) = O(hﬁ) as h—0

e Trivial bound: 8 =0as || 1x Fply |22 <1
o Volume bound: if |X|,|Y| = O(h'~?) then get B = % _5:

| Ax Faly (|22 < || Ax oo 2| Fnll 2o oo || Ay 201

[IXEAYT o pis
< Torh =0(h27")
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General FUP

Basic uncertainty principles

e Looking for
H 1x Fp 1y ||L2(R)—>L2(R) = O(hﬁ) as h—0

e Trivial bound: 8 =0as || 1x Fply |22 <1
o Volume bound: if |X|,|Y| = O(h'~?) then get B = % _5:

| Ax Faly (|22 < || Ax oo 2| Fnll 2o oo || Ay 201

[IXEAYT o pis
< W—O(hz )

@ Cannot be improved if we only know the volume, e.g.
X=Y=[-VhVvh = cannotget >0

So we need to know more about the structure of X and Y
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General FUP

Ahlfors—David regular sets

Definition
We call a set X C R d-regular up to scale h with constant C if there exists
a finite measure p on X such that

CHIP < u(h) < Clip

for every interval / C R with h < |/| < 1 whose center lies in X.

e Example: the mid-third Cantor set is logs 2-regular up to scale 0
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General FUP

Ahlfors—David regular sets

Definition
We call a set X C R d-regular up to scale h with constant C if there exists
a finite measure p on X such that

CHIP < u(h) < Clip

for every interval / C R with h < |/| < 1 whose center lies in X.

e Example: the mid-third Cantor set is logs 2-regular up to scale 0

@ The limit set Ar of a Schottky group is d-regular up to scale 0,
taking u = Patterson—Sullivan measure
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General FUP

Ahlfors—David regular sets

Definition
We call a set X C R d-regular up to scale h with constant C if there exists
a finite measure p on X such that

CHIP < u(h) < Clip

for every interval / C R with h < |/| < 1 whose center lies in X.

e Example: the mid-third Cantor set is logs 2-regular up to scale 0
@ The limit set Ar of a Schottky group is d-regular up to scale 0,
taking u = Patterson—Sullivan measure
e If X is d-regular up to scale 0, then its h-neighborhood
X(h) = X 4 [—h, h] is o-regular up to scale h
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Ahlfors—David regular sets

Definition
We call a set X C R d-regular up to scale h with constant C if there exists
a finite measure p on X such that

CHIP < u(h) < Clip

for every interval / C R with h < |/| < 1 whose center lies in X.

e Example: the mid-third Cantor set is logs 2-regular up to scale 0

@ The limit set Ar of a Schottky group is d-regular up to scale 0,
taking u = Patterson—Sullivan measure

e If X is d-regular up to scale 0, then its h-neighborhood
X(h) = X 4 [—h, h] is o-regular up to scale h

@ Relation to porous sets mentioned in Lecture 1: X is porous <=
X C X for some d-regular X with § < 1
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General FUP

Fractal uncertainty principle for the Fourier transform

Theorem

Assume that X, Y C [0, 1] are d-regular with constant Cgr up to scale h

where 0 < § < 1. Then there exist 8 = 3(J, Cg) > max(0, 3 — &) and
C = C(9, Cr) such that

| 1x Fr 1y HLz(R)—>L2(]R) < ChP.
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General FUP

Fractal uncertainty principle for the Fourier transform

Theorem

Assume that X, Y C [0, 1] are d-regular with constant Cgr up to scale h

where 0 < § < 1. Then there exist 8 = 3(J, Cg) > max(0, 3 — &) and
C = C(9, Cr) such that

| 1x Fr 1y HLZ(R)—>L2(]R) < ChP.

@ 3> 0 proved by Bourgain—D '18 using methods of harmonic analysis.
Jin—Zhang '20 got for some universal constant K

B = exp [— exp (K(CRé_l(l - 6)_1)K(1_6)72)}
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General FUP

Fractal uncertainty principle for the Fourier transform

Theorem

Assume that X, Y C [0, 1] are d-regular with constant Cgr up to scale h

where 0 < § < 1. Then there exist 3 = 3(6, Cg) > max(0, 5 — 4) and
C = C(9, Cr) such that

| 1x Fr 1y HLz(R)—>L2(]R) < ChP.

@ (3 > 0 proved by Bourgain—D '18 using methods of harmonic analysis.
Jin—Zhang '20 got for some universal constant K

B =exp [ —exp (K(Cro (1 — 6)"1)KA=97)]
e 3> % — 0 proved by D—Jin '18, inspired by Dolgopyat's method. Get
B = % — 5+ (5CR)71605*1(175)*1

@ See also D-Zahl '16, Cladek—Tao '20 which use additive combinatorics
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Hyperbolic FUP

For applications to hyperbolic surfaces, we replace the phase xy in F}, by
2log |x — y| and introduce a cutoff y € C°(R?), suppx N {x =y} = 0

_1 _2i
Bunf(x) = ek ¢ [ 1x =y Fx()f(y) dy
For x =1, B is equivariant under all v € SL(2, R):

(Buaf) oy = () #Bua((v') 5 (F o))
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Hyperbolic FUP

For applications to hyperbolic surfaces, we replace the phase xy in F}, by
2log|x — y| and introduce a cutoff x € C>(R?), suppx N {x = y} = 0

_1 _2i
Bunf(x) = ek ¢ [ 1x =y Fx()f(y) dy
For x =1, B is equivariant under all v € SL(2, R):
(Binf) oy = (7)) #Bua((¥)5(F o))
For B,.» we have the same FUP:

Theorem

Assume that X, Y C [0, 1] are -regular with constant Cgr up to scale h
where 0 < § < 1. Then there exist 8 = 3(J, Cg) > max(0, 3 — §) and
C = C(9, Cgr, x) such that

11x Byn y |l 2@y 2@y < Ch.

v
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FUP and spectral gaps

o Let I C SL(2,R) be a Schottky group, M = I'\H?2
o Ar C R the limit set, Ar(h) := Ar + [—h, h] its h-neighborhood
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FUP and spectral gaps

o Let I C SL(2,R) be a Schottky group, M = I'\H?2
o Ar C R the limit set, Ar(h) := Ar + [—h, h] its h-neighborhood

Theorem [D-Zahl '16, D-Zworski '17], explained in Lecture 3—4
Assume that the sets X = Y = Ar(h) satisfy hyperbolic FUP:

VX [ Iac(r) Byon Inc(ny iz < ChP°, € = C(x)

Then for any o > % — [, M has finitely many resonances with Res > «.

v
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FUP and spectral gaps

o Let I C SL(2,R) be a Schottky group, M = I'\H?
o Ar C R the limit set, Ar(h) := Ar + [—h, h] its h-neighborhood

Theorem [D-Zahl '16, D-Zworski '17], explained in Lecture 3—4
Assume that the sets X = Y = Ar(h) satisfy hyperbolic FUP:

VX [ Iac(r) Byon Inc(ny iz < ChP°, € = C(x)

Then for any o > % — [, M has finitely many resonances with Res > «.

@ Trivial bound 5 =0 — ‘Lax—Phillips’ gap Res > %~I—
@ Volume bound § = % —¢§ = 'Patterson—Sullivan’ gap Res > §+
e FUP on previous slide = gap with some a = a(I') < min(%,é)
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FUP and spectral gaps

o Let I C SL(2,R) be a Schottky group, M = I'\H?
o Ar C R the limit set, Ar(h) := Ar + [—h, h] its h-neighborhood

Theorem [D-Zahl '16, D-Zworski '17], explained in Lecture 3—4
Assume that the sets X = Y = Ar(h) satisfy hyperbolic FUP:

VX [ Iac(r) Byon Inc(ny iz < ChP°, € = C(x)

Then for any o > % — [, M has finitely many resonances with Res > «.

v

@ Trivial bound 3 =0 = ‘Lax—Phillips’ gap Res > %~I—

@ Volume bound § = % —¢§ = 'Patterson—Sullivan’ gap Res > §+
o FUP on previous slide = gap with some o = (') < min(3, )
@ Specialized FUP for Ar [Bourgain-D '17] — o = «(d) <o

Semyon Dyatlov Minicourse on FUP, Lecture 2 March 22-25, 2021 7/ 16



Discrete Cantor sets
We now present a proof of FUP in the special setting of Cantor sets.

This is much simpler than the general case but keeps some key features.
We follow D—Jin '17, with the exposition from [arXiv:1903.02599]
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FUP for Cantor sets

Discrete Cantor sets

We now present a proof of FUP in the special setting of Cantor sets.
This is much simpler than the general case but keeps some key features.
We follow D—Jin '17, with the exposition from [arXiv:1903.02599]

o Discrete unitary Fourier transform Fy : CVN — CN

1 N—-1 priit

. _ Tyt

.FNU(J) = ﬁ e N U(f)
£=0
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Discrete Cantor sets
We now present a proof of FUP in the special setting of Cantor sets.

This is much simpler than the general case but keeps some key features.
We follow D—Jin '17, with the exposition from [arXiv:1903.02599]

@ Discrete unitary Fourier transform ]-"N :CN > ¢V
Fnu(y) = Z e ZWT;MU
o Fix M >3, &/ C{0,...,M—1}. Put N := M*, k> 1 and define

Cri=fao+aM+ - +a M ag,... a1 €}
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Discrete Cantor sets
We now present a proof of FUP in the special setting of Cantor sets.

This is much simpler than the general case but keeps some key features.
We follow D—Jin '17, with the exposition from [arXiv:1903.02599]

@ Discrete unitary Fourier transform ]-"N :CN > ¢V
2mijl
Fnu(j) = \F Z e W u(l)

o Fix M >3, &/ C{0,...,M—1}. Put N := M*, k> 1 and define
Ci = {ao+alM—|—---—|—ak,1Mk_1]ao,...,ak,led}

o Example: if M =3, o = {0,2}, then C,  {0,...,N — 1}, N = 3k,
is the discrete mid-3rd Cantor set {0,2,6,8,18,20,24,26,...}
o The number of elements of Cy is |Cx| = N® where § = logy, |/
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FUP for Cantor sets

Uncertainty principle for discrete Cantor sets

Theorem

Assume that 0 < § < 1, i.e. 1 < |47| < M. Then there exists
B =B(M, ) > max(0, 5 — &) such that as N = M* — oo,

1 3¢, Fi de, llenov = O(NP).
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FUP for Cantor sets

Uncertainty principle for discrete Cantor sets

Theorem

Assume that 0 < § < 1, i.e. 1 < |47| < M. Then there exists
B =B(M, ) > max(0, 5 — &) such that as N = M* — oo,

1 3¢, Fi de, llenov = O(NP).

@ Trivial bound 3 = 0: since Fy is unitary, || I¢, Fn Ic, |lcv_cn
@ Volume bound 5 = % — 0: defining the Hilbert—-Schmidt norm

IN
[ary

N
IAIRs = lail*  where A= (ai)/os
—
we have !

_1
e, Fuv Te, llewosen < [ de, Fuv dey [lus = N2,
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FUP for Cantor sets

Submultiplicativity

The proof of FUP for Cantor sets is greatly simplified by the

Submultiplicativity Lemma

Define re -== || ]Ick ./TN ]le ||(CN_>(CN. Then Iy + ko < Iy = Ty for all k]_,kz.
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FUP for Cantor sets

Submultiplicativity

The proof of FUP for Cantor sets is greatly simplified by the

Submultiplicativity Lemma

Define re -== H ]Ick ./TN ]le H(cN_)(cN. Then Iy + ko < Iy = Ty for all k]_,kz.

To prove it, we employ the following decomposition also used in FFT:
o Write k = ki + ko, N:Mk:Nl'N2, Nj = Mk
o Identify u € CN with an Ny x Ny matrix Uap = u(Nyb + a)
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FUP for Cantor sets

Submultiplicativity

The proof of FUP for Cantor sets is greatly simplified by the

Submultiplicativity Lemma

Define re -== H ]Ick ./TN ]le HCN_)(CN. Then Iy + ko < Iy = Ty for all k]_,kz.

To prove it, we employ the following decomposition also used in FFT:
o Write k = ki + ko, N=M-= Ny Ny, Nj:=M-K
o Identify u € CN with an Ny x Ny matrix Uap = u(Nyb + a)
@ Apply the Fourier transform Fy, to each row of U
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FUP for Cantor sets

Submultiplicativity

The proof of FUP for Cantor sets is greatly simplified by the
Submultiplicativity Lemma

Define re -== H ]Ick ./TN ]le HCNHCN. Then Iy + ko < Iy = Ty for all k]_,kz.

———

To prove it, we employ the following decomposition also used in FFT:
o Write k = ki + ko, N=M-= Ny Ny, Nj:=M-K
o Identify u € CN with an Ny x Ny matrix Uap = u(Nyb + a)
@ Apply the Fourier transform Fy, to each row of U

. . . _ 2miab
o Multiply the entries of U by the twist factors e™ "~

Semyon Dyatlov Minicourse on FUP, Lecture 2

March 22-25, 2021 10 / 16



Submultiplicativity

The proof of FUP for Cantor sets is greatly simplified by the
Submultiplicativity Lemma

Define re -== H ]Ick ./TN ]le HCN%CN. Then Iy + ko < Iy = Ty for all k]_,kz. J

To prove it, we employ the following decomposition also used in FFT:
o Write k = ki + ko, N:Mk:Nl‘N2, Nj = Mk
o Identify u € CN with an Ny x Ny matrix Uap = u(Nyb + a)

@ Apply the Fourier transform Fy, to each row of U
2miab

o Multiply the entries of U by the twist factors e "~

@ Apply the Fourier transform Fp; to each column of U

Semyon Dyatlov Minicourse on FUP, Lecture 2 March 22-25, 2021 10 / 16



Submultiplicativity

The proof of FUP for Cantor sets is greatly simplified by the

Submultiplicativity Lemma J

Define re -== H ]Ick ./TN ]le HCN%CN. Then Iy + ko < Iy = Ty for all k]_,kz.

To prove it, we employ the following decomposition also used in FFT:
o Write k = ki + ko, N:Mk:Nl‘N2, Nj = Mk
o Identify u € CN with an Ny x Ny matrix Uap = u(Nyb + a)

Apply the Fourier transform Fp, to each row of U
2miab

Multiply the entries of U by the twist factors e™ ~
Apply the Fourier transform Fp, to each column of U

The resulting matrix V gives v = Fyu by Vo, = v(Noa + b)
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Submultiplicativity

The proof of FUP for Cantor sets is greatly simplified by the

Submultiplicativity Lemma J

Define re -== H ]Ick ./TN ]le HCN%CN. Then Iy + ko < Iy = Ty for all k]_,kz.

To prove it, we employ the following decomposition also used in FFT:
o Write k = ki + ko, N:Mk:Nl‘N2, Nj = Mk
Identify u € CN with an Ny x Ny matrix U,p, = u(Nyb + a)

Apply the Fourier transform Fp, to each row of U
2miab

Multiply the entries of U by the twist factors e™ ~

Apply the Fourier transform Fp, to each column of U
The resulting matrix V gives v = Fyu by Vo, = v(Noa + b)
Using that Cx = N1Cy, + Ciy, = NoCp, + Ci,, We get rig 1k, < iy * Ty
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FUP for Cantor sets

An example of the ‘Fast Fourier Transform’ decomposition

Let's say N =4 = Ny No where Ny = N, = 2.

Take u = (up, u, up, u3) € C*. Follow the instructions on the last slide:

upg u» 1 Up + up uUg — uo
@ Take U = . J» each row to get —=
(u1 U3> 2 gt s\ + us up— U3
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FUP for Cantor sets

An example of the ‘Fast Fourier Transform’ decomposition

Let's say N =4 = Ny No where Ny = N, = 2.

Take u = (up, u, up, u3) € C*. Follow the instructions on the last slide:

upg u» 1 Up + up uUg — uo
@ Take U = . J» each row to get —=
(u1 U3> 2 gt s\ + us up— U3

. . _ miab 1 [ Uo+ u ug — Uy
o Multiply by twist factors e” 2 to get 7 <u1 Vs i(us— u1)>
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An example of the ‘Fast Fourier Transform’ decomposition

Let's say N =4 = Ny No where Ny = N, = 2.

Take u = (up, u, up, u3) € C*. Follow the instructions on the last slide:

upg u» 1 Up + up uUg — uo
@ Take U = . J» each row to get —=
(u1 U3) 2 gt s\ + us up— U3

. . _ miab up + up ug — Uy
o Multiply by twist factors e” "2 to get - .

Py by 8 V2 \uy + us i(uz — u1)
@ F» each column to get

V—l up + up + Up + Uz ug — iUy — U + iUz
2 \ug—up+up—uz ug-+iug— up — iug

e V gives the Fourier transform Fyu:

[ Fau(0)  Fuu(l)
V= (f4u(2) f4u(3)>
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FUP with 3 > 0

@ gtk < Iy - Iy, Where e := || 1c, Fy e, ||cv_on, N = Mk
e We want r, < CN~? for large k and some § > 0, so
enough to show that 3k : r, < 1
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FUP with 3 > 0

@ gtk < Iy - Iy, Where e := || 1c, Fy e, ||cv_on, N = Mk
e We want r, < CN~? for large k and some § > 0, so
enough to show that 3k : r, < 1
@ Since Fp is unitary, we always have r, < 1. Assume r, = 1, then

Ju ¢ CN\{O}: u=1¢c, u, Fnyu=Il¢c, Fyu
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FUP with 3 > 0

@ gtk < Iy - Iy, Where e := || 1c, Fy e, ||cv_on, N = Mk
e We want r, < CN~? for large k and some § > 0, so
enough to show that 3k : r, < 1
@ Since Fp is unitary, we always have r, < 1. Assume r, = 1, then

JuecN \{0}: wu=1¢ u, Fyu=I1e Fyu
o Define the polynomial P(z) = 3., u(€)z", then

2mi

Fnu(j) = NTV2P(W), wi=e W
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FUP with 3 > 0

@ gtk < Iy - Iy, Where e := || 1c, Fy e, ||cv_on, N = Mk
e We want r, < CN~? for large k and some § > 0, so
enough to show that 3k : r, < 1
@ Since Fp is unitary, we always have r, < 1. Assume r, = 1, then

JuecN \{0}: wu=1¢ u, Fyu=I1e Fyu
o Define the polynomial P(z) = 3., u(€)z", then

27i

Frnu(j) = NYV2P(W), wi=eW
@ Assume for simplicity that M — 1 ¢ o7, then the degree of P satisfies
deg P < maxCj < M*(1 — )
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FUP with 3 > 0

@ Iytky < iy - Ik, Where i i= || 1¢, Fn 1e, |lcv_son, N = Mk
e We want r, < CN—” for large k and some 3 > 0, so
enough to show that 3k : r, < 1
@ Since Fp is unitary, we always have r, < 1. Assume r, = 1, then

JuecN \{0}: wu=1¢ u, Fyu=I1e Fyu
o Define the polynomial P(z) = 3., u(€)z", then

27i

Fnu(j) = NV2P(W), wi=e W
Assume for simplicity that M — 1 ¢ o7, then the degree of P satisfies
deg P < maxCj < M*(1 — )

@ On the other hand, P(w/) =0 for all j € {0,..., N — 1} \ Ck, so
P has at least N — |Cy| > M*(1 — (1 — )¥) roots

k 1 \k k 1
e For k large, M*(1 — (1 — ;)*) > M*(1 — 4;), so r, < 1 as needed
March 22-25, 2021 12 / 16



FUP with 8 > % — 0 (‘baby Dolgopyat’)
@ Similarly to the previous slide, enough to show that 3k : r, < NO—3

where r, := || e, Fn1e, lcvon, N = Mk

o We always have ry < || 1¢, Fn1c, [[Hs = NO—2
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FUP with 8 > % — 0 (‘baby Dolgopyat’)

@ Similarly to the previous slide, enough to show that 3k : r, < NO—3
where r, := || e, Fn1e, lcvon, N = Mk

o We always have ry < || 1¢, Fn1c, [[Hs = NO—2
@ Assume r, = N‘S_%, then 1¢, Fn 1¢c, has the same operator norm
(= max singular value ;) and H-S norm ( =./o2+ -+ ‘7/2\/)
@ This can only happen if 1c, Fy 1¢, is a rank 1 matrix, i.e. each of its

2 x 2 minors is equal to 0. This gives

G- Yt—=0)e NZ forall j,j 0,0 eCy
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FUP with 8 > % — 0 (‘baby Dolgopyat’)

@ Similarly to the previous slide, enough to show that 3k : r, < NO—3
where r, == || ¢, Fy 1c, [[cnv_on, N = MK

o We always have ry < || 1¢, Fn1c, [[Hs = NO—2

@ Assume r, = N‘S_%, then 1¢, Fn 1¢c, has the same operator norm
(= max singular value ¢;) and H-S norm ( = /0?4 -+ 0,2V>

@ This can only happen if 1c, Fy 1¢, is a rank 1 matrix, i.e. each of its
2 x 2 minors is equal to 0. This gives

G- Yt—=0)e NZ forall j,j 0,0 eCy

@ This cannot happen already when k = 2 (and |.<7| > 1): just take two
different a, b € &/ and put

J:K:Ma—f—a, J,:glea‘f—b
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A picture of FUP exponents for all alphabets with M < 10
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Horizontal axis: ¢, vertical axis: (3, solid line: 5 = max(0, % —¢), dashed
line: g = 1%5 (corresponding to the gap conjectured by Jakobson—Naud)
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A higher dimensional FUP?

@ Open problem: get FUP with 5> 0on R", n> 1. Let's take n =2
o Fpf(x) = (27rh)_11/‘\(%) semiclassical Fourier transform

o Want H ]IX Fh ]|y HL2(]R2)—>L2(]R2) = O(hﬁ) where X,Y C R? are
d-regular up to scale hand § < 2
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A higher dimensional FUP?

@ Open problem: get FUP with 5> 0on R", n> 1. Let's take n =2
o Fpf(x) = (27rh)_11/‘\(%) semiclassical Fourier transform

o Want || Ix Fi 1y || 2(r2)—12(R2) = O(h?) where X, Y C R? are
d-regular up to scale hand § < 2

e This is false: take 6 =1, X = [0, h] x [0,1], Y = [0,1] x [0, A]
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o Fpf(x) = (27rh)_11/‘\(%) semiclassical Fourier transform

o Want || Ix Fi 1y || 2(r2)—12(R2) = O(h?) where X, Y C R? are
d-regular up to scale hand § < 2

e This is false: take 6 =1, X = [0, h] x [0,1], Y = [0,1] x [0, A]

@ Han—Schlag '20: FUP holds with 8 > 0 if one of X, Y is contained in
the product of 2 fractal sets
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A higher dimensional FUP?

@ Open problem: get FUP with 5> 0 on R", n > 1. Let's take n =2

o Fpf(x) = (27rh)_11/‘\(%) semiclassical Fourier transform

o Want || Ix Fi 1y || 2(r2)—12(R2) = O(h?) where X, Y C R? are
d-regular up to scale hand § < 2

e This is false: take 6 =1, X = [0, h] x [0,1], Y = [0,1] x [0, A]

@ Han—Schlag '20: FUP holds with 8 > 0 if one of X, Y is contained in
the product of 2 fractal sets

@ It could be that the hyperbolic FUP (with e~ H0W) replaced by
Ix — y|~#) still holds.
Partial result by D—Zhang WIP, when one of X, Y is a curve
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Thank you for your attention!
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