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Definition
Fix v > 0. A set X C R is v-porous up to scale h if for each interval / C R
of length h < |I| <1, there is aninterval J C [, |[J| =v|l], JN X =10

Theorem 2 (Fractal Uncertainty Principle)
Assume that X, Y C R are v-porous up to scale h. Then 35 = (v) > 0:
11x (20) 1y ()| c2(r)—s12(r) = O(K®) as h— 0
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Definition
Fix v > 0. A set X C R is v-porous up to scale h if for each interval / C R
of length h < |I| <1, there is an interval J C [, |[J| =v]|l|, JN X =1

Theorem 2 (Fractal Uncertainty Principle)
Assume that X, Y C R are v-porous up to scale h. Then 35 = (v) > 0:
11x (20) 1y ()| c2(r)—s12(r) = O(K®) as h— 0

We can rewrite this uncertainty principle as
11x Fu Iy |l 2y 12r) = O(h°) as h—0

where F, : L2(R) — L?(R) is the unitary semiclassical Fourier transform:

Faf(x) = (2nh) "3 7(3) = (2mh) /R e f(y) dy

and 1x is the multiplication operator by the indicator function of X etc.
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General FUP

Basic uncertainty principles

e Looking for
1% Fo 1y | 2@y i2(m) = O(h?) as h—0

@ Trivial bound: =0 as |[IxFply||j22 <1
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General FUP

Basic uncertainty principles

e Looking for
11x Fi Iy ll2gmy 12y = O(H?) as h—0

@ Trivial bound: =0 as |[IxFply||j22 <1
@ Volume bound: if |[X|,|Y| = O(h1_5) then get 3 = % _ 5

I Faly |22 < || Ix [ oo 2| Fall i poo || Ty [[ 1202

[1X]-1Y] 1s
< 2T
- 27h O(h="")
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General FUP

Basic uncertainty principles

e Looking for
11x Fi Iyl 2m)12z) = O(h7) as h—0

@ Trivial bound: =0 as |[IxFply||j22 <1
@ Volume bound: if |[X|,|Y| = O(h1_5) then get 3 = % _ 5

I Faly |22 < || Ix [ oo 2| Fall i poo || Ty [[ 1202

[1X]-1Y] 1s
< - =
- 27h O(h="")

e Cannot be improved if we only know the volume, e.g.
X=Y=[-Vhvh = cannotget (>0

So we need to know more about the structure of X, Y (e.g. porosity)
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A bit on the proof of FUP for Fourier transform

Theorem 2’ (a restatement of Theorem 2)

Let X, Y be v-porous up to scale h. Then there exists § = 3(v) > 0:
fe LZ(R), supp f chly = ”]-XfHLZ(R) < Chﬁ”f-HLz(R)

o Write X C [); X; where each Xj C Xj_; has holes on scale 27/ > h
o Will show: for each j, |[|1xf|l;2 < (1 —¢)|[lx,_,fl[.2
@ This requires a lower bound on the mass of f on the ‘holes’ in R\ X;
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A bit on the proof of FUP for Fourier transform

Theorem 2’ (a restatement of Theorem 2)

Let X, Y be v-porous up to scale h. Then there exists § = 3(v) > 0:
fe LZ(R), supp f chly = ||1Xf||L2(R) < ChBHfHLz(R)

@ Write X C ﬂJXJ where each X; C Xj_1 has holes on scale 271 >h
o Will show: for each j, |[|1xf|l;2 < (1 —¢)|[lx,_,fl[.2

@ This requires a lower bound on the mass of f on the ‘holes’ in R\ X;
e Such bounds exist if we know about decay of f, e.g.

£(6)] < Ce™©  where / w(§)
R

=i
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A bit on the proof of FUP for Fourier transform

Theorem 2’ (a restatement of Theorem 2)

Let X, Y be v-porous up to scale h. Then there exists § = 3(v) > 0:
fel’R), suppfcht Yy — 11xflli2ry < CA°|IF |l 2wy

@ Write X C ﬂJXJ where each X; C Xj_1 has holes on scale 271 >h
o Will show: for each j, |[|1xf|l;2 < (1 —¢)|[lx,_,fl[.2
@ This requires a lower bound on the mass of f on the ‘holes’ in R\ X;
e Such bounds exist if we know about decay of f, e.g.

@)l < e where | wlE) e —

()] < Ce where L Tre £ =0

To pass from suppf C h=1- Y to Fourier decay bounds, take the
convolution f * g, @ — f&, where g is compactly supported and &
has the right decay but only on h™1 .Y

@ Existence of g follows from Beurling—Malliavin theorem, porosity of Y
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Hyperbolic FUP

For applications to hyperbolic surfaces, we replace the phase xy in Fj, by
2log|x — y| and introduce a cutoff x € C°(R?), suppx N {x =y} = 0

By nf(x) = (2mh) é/ X — y| 7% x(x, y)f(v) dy

The operator By, , appears naturally in the composition B~1B, where
By : L2(M) — L2(IR?) are FlOs straightening out L, L, locally
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Hyperbolic FUP

For applications to hyperbolic surfaces, we replace the phase xy in Fj, by
2log |x — y| and introduce a cutoff y € C>°(R?), suppx N {x =y} = 0:

_1 _2i
Bunflx) = () [ Ix =y i x(e) ) dy
The operator B, , appears naturally in the composition B~1B, where

By : L2(M) — L2(IR?) are FlOs straightening out Lg, L, locally

One can deduce from FUP for 7}, a similar statement for B, p:

Theorem 2" (Hyperbolic FUP)

Assume that X, Y C R are v-porous up to scale h. Then there exist
= p(r)>0and C = C(v, x) such that

11x By,n Iy || 12y 12y < ChP.
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A bit on reducing hyperbolic FUP to Fourier FUP

e Replace Y by its h'/2~-neighborhood Y: ||1xB,1y| < [1xBply |

e Split X = |; Xj, each X; lies in an hY/2_sized interval [x;, x; + h'/?]
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A bit on reducing hyperbolic FUP to Fourier FUP

e Replace Y by its h'/2~-neighborhood Y [IxBply || < [[1xBpls ||
e Split X = |_|JXJ each X; lies in an h'/2_sized interval [xj, xj + hl/z]
o Show B; := 1x,B,1;; almost orthogonal: for |j — ¢| > 1

1B Bell = O(h%), [IBjB|| = O(h™)

so by Cotlar=Stein |[1xBp1y || < max; [[1x.Bp15 |
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A bit on reducing hyperbolic FUP to Fourier FUP

e Replace Y by its h'/2~-neighborhood Y [IxBply || < [[1xBpls ||
e Split X = |_|JXJ each X; lies in an h'/2_sized interval [xj, xj + h1/2]
o Show B; := 1x,B,1;; almost orthogonal: for |j — ¢| > 1

1B Bell = O(h%), [IBjB|| = O(h™)

so by Cotlar=Stein |[1xBp1y || < max; [[1x.Bp15 |
@ Use a change of variables to bound | 1x,B,15 || using the Fourier FUP:
if ®(x,y) = —2log|x — y| and |x — xj| < h'/? then on supp x

i000) e%¢(Xj,y)eif;(X—Xj)Hj(}’)’ ki(y) == 0x®(xj,y)

@ The § for hyperbolic FUP is % of the 3 for the Fourier FUP

Semyon Dyatlov Minicourse on FUP, Lecture 3 June 4, 2021 6 /15



Discrete Cantor sets
We now present a proof of FUP in the special setting of Cantor sets.

This is much simpler than the general case but keeps some key features.
We follow D—Jin '17, with the exposition from [arXiv:1903.02599]

Semyon Dyatlov Minicourse on FUP, Lecture 3

June 4, 2021 7/ 15


http://arxiv.org/abs/1903.02599

FUP for Cantor sets

Discrete Cantor sets

We now present a proof of FUP in the special setting of Cantor sets.
This is much simpler than the general case but keeps some key features.
We follow D—Jin '17, with the exposition from [arXiv:1903.02599]

o Discrete unitary Fourier transform Fy : CVN — CN

1 N—-1 priit

. _ Tyt

.FNU(J) = ﬁ e N U(f)
£=0
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Discrete Cantor sets
We now present a proof of FUP in the special setting of Cantor sets.

This is much simpler than the general case but keeps some key features.
We follow D—Jin '17, with the exposition from [arXiv:1903.02599]

@ Discrete unitary Fourier transform ]-"N :CN > ¢V
Fnu(y) = Z e ZWT;MU
o Fix M >3, &/ C{0,...,M—1}. Put N := M*, k> 1 and define

Cri=fao+aM+ - +a M ag,... a1 €}
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Discrete Cantor sets
We now present a proof of FUP in the special setting of Cantor sets.

This is much simpler than the general case but keeps some key features.
We follow D—Jin '17, with the exposition from [arXiv:1903.02599]

@ Discrete unitary Fourier transform ]-"N :CN > ¢V
2mijl
Fnu(j) = \F Z e W u(l)

o Fix M >3, &/ C{0,...,M—1}. Put N := M*, k> 1 and define
Ci = {ao+alM—|—---—|—ak,1Mk_1]ao,...,ak,led}

o Example: if M =3, o = {0,2}, then C,  {0,...,N — 1}, N = 3k,
is the discrete mid-3rd Cantor set {0,2,6,8,18,20,24,26,...}
o The number of elements of Cy is |Cx| = N® where § = logy, |/
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FUP for Cantor sets

Uncertainty principle for discrete Cantor sets

Theorem

Assume that 0 < § < 1, i.e. 1 < |47| < M. Then there exists
B =B(M, ) > max(0, 5 — &) such that as N = M* — oo,

1 3¢, Fi de, llenov = O(NP).
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FUP for Cantor sets

Uncertainty principle for discrete Cantor sets

Theorem

Assume that 0 < § < 1, i.e. 1 < |47| < M. Then there exists
B =B(M, ) > max(0, 5 — &) such that as N = M* — oo,

1 3¢, Fi de, llenov = O(NP).

@ Trivial bound 3 = 0: since Fy is unitary, || 1¢, Fn 1, [[cv_ev < 1
@ Volume bound 5 = % — 0: defining the Hilbert—-Schmidt norm

N
IAIRs = lail*  where A= (ai)/os
—
we have !

_1
e, Fuv Te, llewosen < [ de, Fuv dey [lus = N2,
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FUP for Cantor sets

Submultiplicativity

The proof of FUP for Cantor sets is greatly simplified by the

Submultiplicativity Lemma

Define re -== || ]Ick ./TN ]le ||(CN_>(CN. Then Iy + ko < Iy = Ty for all k]_,kz.
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FUP for Cantor sets

Submultiplicativity

The proof of FUP for Cantor sets is greatly simplified by the

Submultiplicativity Lemma

Define re -== H ]Ick ./TN ]le H(cN_)(cN. Then Iy + ko < Iy = Ty for all k]_,kz.

To prove it, we employ the following decomposition also used in FFT:
o Write k = ki + ko, N:Mk:Nl'N2, Nj = Mk
o Identify u € CN with an Ny x Ny matrix Uap = u(Nyb + a)
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FUP for Cantor sets

Submultiplicativity

The proof of FUP for Cantor sets is greatly simplified by the

Submultiplicativity Lemma

Define re -== H ]Ick ./TN ]le HCN_)(CN. Then Iy + ko < Iy = Ty for all k]_,kz.

To prove it, we employ the following decomposition also used in FFT:
o Write k = ki + ko, N=M-= Ny Ny, Nj:=M-K
o Identify u € CN with an Ny x Ny matrix Uap = u(Nyb + a)
@ Apply the Fourier transform Fy, to each row of U
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FUP for Cantor sets

Submultiplicativity

The proof of FUP for Cantor sets is greatly simplified by the
Submultiplicativity Lemma

Define re -== H ]Ick ./TN ]le HCNHCN. Then Iy + ko < Iy = Ty for all k]_,kz. J

To prove it, we employ the following decomposition also used in FFT:
o Write k = ki + ko, N=M-= Ny Ny, Nj:=M-K
o Identify u € CN with an Ny x Ny matrix Uap = u(Nyb + a)
@ Apply the Fourier transform Fy, to each row of U

. . . _ 2miab
o Multiply the entries of U by the twist factors e™ "~
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Submultiplicativity

The proof of FUP for Cantor sets is greatly simplified by the
Submultiplicativity Lemma

Define re -== H ]Ick ./TN ]le HCN%CN. Then Iy + ko < Iy = Ty for all k]_,kz. J

To prove it, we employ the following decomposition also used in FFT:
o Write k = ki + ko, N:Mk:Nl‘N2, Nj = Mk
o Identify u € CN with an Ny x Ny matrix Uap = u(Nyb + a)

@ Apply the Fourier transform Fy, to each row of U
2miab

o Multiply the entries of U by the twist factors e "~

@ Apply the Fourier transform Fp; to each column of U
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Submultiplicativity

The proof of FUP for Cantor sets is greatly simplified by the

Submultiplicativity Lemma J

Define re -== H ]Ick ./TN ]le HCN%CN. Then Iy + ko < Iy = Ty for all k]_,kz.

To prove it, we employ the following decomposition also used in FFT:
o Write k = ki + ko, N:Mk:Nl‘N2, Nj = Mk
o Identify u € CN with an Ny x Ny matrix Uap = u(Nyb + a)

Apply the Fourier transform Fp, to each row of U
2miab

Multiply the entries of U by the twist factors e™ ~
Apply the Fourier transform Fp, to each column of U

The resulting matrix V gives v = Fyu by Vo, = v(Noa + b)
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Submultiplicativity

The proof of FUP for Cantor sets is greatly simplified by the

Submultiplicativity Lemma J

Define re -== H ]Ick ./TN ]le HCN%CN. Then Iy + ko < Iy = Ty for all k]_,kz.

To prove it, we employ the following decomposition also used in FFT:
o Write k = ki + ko, N:Mk:Nl‘N2, Nj = Mk
Identify u € CN with an Ny x Ny matrix U,p, = u(Nyb + a)

Apply the Fourier transform Fp, to each row of U
2miab

Multiply the entries of U by the twist factors e™ ~

Apply the Fourier transform Fp, to each column of U
The resulting matrix V gives v = Fyu by Vo, = v(Noa + b)
Using that Cx = N1Cy, + Ciy, = NoCp, + Ci,, We get rig 1k, < iy * Ty
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FUP for Cantor sets

An example of the ‘Fast Fourier Transform’ decomposition

Let's say N =4 = Ny No where Ny = N, = 2.

Take u = (up, u, up, u3) € C*. Follow the instructions on the last slide:

upg u» 1 Up + up uUg — uo
@ Take U = . J» each row to get —=
(u1 U3> 2 gt s\ + us up— U3
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FUP for Cantor sets

An example of the ‘Fast Fourier Transform’ decomposition

Let's say N =4 = Ny No where Ny = N, = 2.

Take u = (up, u, up, u3) € C*. Follow the instructions on the last slide:

upg u» 1 Up + up uUg — uo
@ Take U = . J» each row to get —=
(u1 U3> 2 gt s\ + us up— U3

. . _ miab 1 [ Uo+ u ug — Uy
o Multiply by twist factors e” 2 to get 7 <u1 Vs i(us— u1)>
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An example of the ‘Fast Fourier Transform’ decomposition

Let's say N =4 = Ny No where Ny = N, = 2.

Take u = (up, u, up, u3) € C*. Follow the instructions on the last slide:

upg u» 1 Up + up uUg — uo
@ Take U = . J» each row to get —=
(u1 U3) 2 gt s\ + us up— U3

. . _ miab up + up ug — Uy
o Multiply by twist factors e” "2 to get - .

Py by 8 V2 \uy + us i(uz — u1)
@ F» each column to get

V—l up + up + Up + Uz ug — iUy — U + iUz
2 \ug—up+up—uz ug-+iug— up — iug

e V gives the Fourier transform Fyu:

[ Fau(0)  Fuu(l)
V= (f4u(2) f4u(3)>
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FUP with 3 > 0

@ gtk < Iy - Iy, Where e := || 1c, Fy e, ||cv_on, N = Mk
e We want r, < CN~? for large k and some § > 0, so
enough to show that 3k : r, < 1
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FUP with 3 > 0

@ gtk < Iy - Iy, Where e := || 1c, Fy e, ||cv_on, N = Mk
e We want r, < CN~? for large k and some § > 0, so
enough to show that 3k : r, < 1
@ Since Fp is unitary, we always have r, < 1. Assume r, = 1, then

Ju ¢ CN\{O}: u=1¢c, u, Fnyu=Il¢c, Fyu
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FUP with 3 > 0

@ gtk < Iy - Iy, Where e := || 1c, Fy e, ||cv_on, N = Mk
e We want r, < CN~? for large k and some § > 0, so
enough to show that 3k : r, < 1
@ Since Fp is unitary, we always have r, < 1. Assume r, = 1, then

JuecN \{0}: wu=1¢ u, Fyu=I1e Fyu
o Define the polynomial P(z) = 3., u(€)z", then

2mi

Fnu(j) = NTV2P(W), wi=e W

Semyon Dyatlov Minicourse on FUP, Lecture 3 June 4, 2021

11 / 15



FUP with 3 > 0

@ gtk < Iy - Iy, Where e := || 1c, Fy e, ||cv_on, N = Mk
e We want r, < CN~? for large k and some § > 0, so
enough to show that 3k : r, < 1
@ Since Fp is unitary, we always have r, < 1. Assume r, = 1, then

JuecN \{0}: wu=1¢ u, Fyu=I1e Fyu
o Define the polynomial P(z) = 3., u(€)z", then

27i

Frnu(j) = NYV2P(W), wi=eW
@ Assume for simplicity that M — 1 ¢ o7, then the degree of P satisfies
deg P < maxCj < M*(1 — )
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FUP with 3 > 0

@ Iytky < iy - Ik, Where i i= || 1¢, Fn 1e, |lcv_son, N = Mk
e We want r, < CN—” for large k and some 3 > 0, so
enough to show that 3k : r, < 1
@ Since Fp is unitary, we always have r, < 1. Assume r, = 1, then

JuecN \{0}: wu=1¢ u, Fyu=I1e Fyu
o Define the polynomial P(z) = 3., u(€)z", then

27i

Fnu(j) = NV2P(W), wi=e W
Assume for simplicity that M — 1 ¢ o7, then the degree of P satisfies
deg P < maxCj < M*(1 — )

@ On the other hand, P(w/) =0 for all j € {0,..., N — 1} \ Ck, so
P has at least N — |Cy| > M*(1 — (1 — )¥) roots

k 1 \k k 1
e For k large, M*(1 — (1 — ;)*) > M*(1 — 4;), so r, < 1 as needed
June 4,2021 11 /15



FUP with 8 > % — 0 (‘baby Dolgopyat’)
@ Similarly to the previous slide, enough to show that 3k : r, < NO—3

where r, := || e, Fn1e, lcvon, N = Mk

o We always have ry < || 1¢, Fn1c, [[Hs = NO—2
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FUP with 8 > % — 0 (‘baby Dolgopyat’)

@ Similarly to the previous slide, enough to show that 3k : r, < NO—3
where r, := || e, Fn1e, lcvon, N = Mk

o We always have ry < || 1¢, Fn1c, [[Hs = NO—2
@ Assume r, = N‘S_%, then 1¢, Fn 1¢c, has the same operator norm
(= max singular value ;) and H-S norm ( =./o2+ -+ ‘7/2\/)
@ This can only happen if 1c, Fy 1¢, is a rank 1 matrix, i.e. each of its

2 x 2 minors is equal to 0. This gives

G- Yt—=0)e NZ forall j,j 0,0 eCy
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FUP with 8 > % — 0 (‘baby Dolgopyat’)

@ Similarly to the previous slide, enough to show that 3k : r, < NO—3
where r, == || ¢, Fy 1c, [[cnv_on, N = MK

o We always have ry < || 1¢, Fn1c, [[Hs = NO—2

@ Assume r, = N‘S_%, then 1¢, Fn 1¢c, has the same operator norm
(= max singular value ¢;) and H-S norm ( = /0?4 -+ 0,2V>

@ This can only happen if 1c, Fy 1¢, is a rank 1 matrix, i.e. each of its
2 x 2 minors is equal to 0. This gives

G- Yt—=0)e NZ forall j,j 0,0 eCy

@ This cannot happen already when k = 2 (and |.<7| > 1): just take two
different a, b € &/ and put

J:K:Ma—f—a, J,:glea‘f—b
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A picture of FUP exponents for all alphabets with M < 10
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Horizontal axis: ¢, vertical axis: (3, solid line: 5 = max(0, % —¢), dashed
line: g = 1%5 (corresponding to the gap conjectured by Jakobson—Naud)
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A higher dimensional FUP?

@ Open problem: get FUP with 5> 0on R", n> 1. Let's take n =2
o Fpf(x) = (27rh)_11/‘\(%) semiclassical Fourier transform

o Want H ]IX Fh ]|y HL2(]R2)—>L2(]R2) = O(hﬁ) where X,Y C R? are
d-regular up to scale hand § < 2
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A higher dimensional FUP?

@ Open problem: get FUP with 5> 0on R", n> 1. Let's take n =2
o Fpf(x) = (27rh)_11/‘\(%) semiclassical Fourier transform

o Want || Ix Fi 1y || 2(r2)—12(R2) = O(h?) where X, Y C R? are
d-regular up to scale hand § < 2

e This is false: take 6 =1, X = [0, h] x [0,1], Y = [0,1] x [0, A]
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A higher dimensional FUP?

@ Open problem: get FUP with 5> 0 on R", n > 1. Let's take n =2

o Fpf(x) = (27rh)_11/‘\(%) semiclassical Fourier transform

o Want || Ix Fi 1y || 2(r2)—12(R2) = O(h?) where X, Y C R? are
d-regular up to scale hand § < 2

e This is false: take 6 =1, X = [0, h] x [0,1], Y = [0,1] x [0, A]

@ Han—Schlag '20: FUP holds with 8 > 0 if one of X, Y is contained in
the product of 2 fractal sets
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A higher dimensional FUP?

@ Open problem: get FUP with 5> 0 on R", n > 1. Let's take n =2

o Fpf(x) = (27rh)_11/‘\(%) semiclassical Fourier transform

o Want || Ix Fi 1y || 2(r2)—12(R2) = O(h?) where X, Y C R? are
d-regular up to scale hand § < 2

e This is false: take 6 =1, X = [0, h] x [0,1], Y = [0,1] x [0, A]

@ Han—Schlag '20: FUP holds with 8 > 0 if one of X, Y is contained in
the product of 2 fractal sets

@ It could be that the hyperbolic FUP (with e~ H0W) replaced by
Ix — y|~#) still holds.
Partial result by D—Zhang WIP, when one of X, Y is a curve
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Thank you for your attention!
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