PROPAGATION OF SINGULARITIES AND
NONTRAPPING ESTIMATES

SEMYON DYATLOV

ABSTRACT. In this expository note, we prove the semiclassical propagation of singularities
estimate in the presence of complex absorbtion, using the positive commutator method
of Hormander. As an application, we show a nontrapping estimate for one-dimensional
semiclassical potential scattering using the method of complex scaling. We also explain
how nontrapping estimates in certain other situations (such as a nontrapping obstacle in
R3) lead to exponential decay for solutions of the wave equation.

1. MOTIVATION

Let O C R3 be an obstacle (a domain with smooth boundary and connected complement)
and £ = R?\ O be its exterior domain. Consider the wave equation in £ with Dirichlet
boundary conditionﬂ

(0} — A u(t,z) = f(t,x), t >0, x € E;
uli=0 = Opu|s=0 = 0;
u|z€g — O
Here f has bounded support. For simplicity, we will assume that f(¢,z) € C*((0,00) X &)
and thus u lies in the same class, but the estimates work naturally in certain Sobolev

classes. In this note, we concentrate on the nontrapping property and not on the general
properties of wave equations, which can be found for example in [Ta, Chapter §].

The global energy
1
E(t) == / lue|® + |V oul® do
2 Je

is conserved in time. However, we are interested in the behavior of u(t,z) when t — 400
and z stays in a fixed compact set K C £. We define local energy as

1
EK(t)zé/K\utmwxu\?dx.

A classical treatment of obstacle scattering can be found in [LaPhi]. A shorter introduction following
similar methods is found in [Ta]. Our approach is perhaps closest to [Sj].
1
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We wish to prove exponential decay of local energy; i.e., that there exists a constant v > 0
and an f-dependent constant C' such that

Ex(t) < Ce ™. (1.1)

It turns out that this exponential decay property is related to the phenomenon of trapping.
Namely, consider a billiard ball trajectory y(t) in &; that is, v(¢) moves along a straight
line until it hits the obstacle, at which point it is reflected and continued further by the
same principleﬂ It is convenient to picture « as living in the phase space &€ x R" = T*E,
with coordinates (z € £,¢ € R"); = corresponds to position and £ to momentum (or speed,
in our situation); then away from O, (z,£) = v(t) solves Hamilton’s equations for the
Hamiltonian p = 3|¢|*:

t=0p=E¢ E=—0,p=0. (1.2)
Such a ~ is called forward trapped if there exists a compact set K such that y(t) € K
for all £ > 0. Otherwise, we say that v escapes as t — oo. (In fact, once 7(t) leaves the
convex hull of O, it moves in a straight line to infinity.) Similarly we define backwards
trapped trajectories; the compact trapped set consists of trajectories that are trapped in
both directions. The obstacle O is called nontrapping if the trapped set is nonempty; in
fact, in this case each trajectory escapes in both directions (exercise). For a nontrapping
obstacle, the exponential decay estimate holds.ﬂ We will not prove this fact here, but
rather indicate how it follows from a certain nontrapping estimate from scattering theory
and prove this estimate in a simpler model case. (The simplifications have to do with the
structure of infinity, not of the trapped set; in fact, we present the key propagation of
singularities estimate in great generality.)

Estimates of type have been discovered by Lax and Phillips, see [LaPhi]. They
used an object now called Lax—Phillips semigroup; however, most modern treatments use
instead the contour deformation argument, which we briefly present here. Let us take the
Fourier—Laplace transform of u in time:

W(w)(z) = /OOO e™u(t, ) dt. (1.3)

If Imw > 0, then by conservation of energy and thanks to the exponential decay of e, the
integral (1.3)) converges and gives a function in L?*(£). Moreover, we have the differential

2We cannot afford to consider the microlocal properties of boundary value problems in this note; in
particular, we ignore the problems of glancing or obstacles with corners. Both propagation of singularities
and the nontrapping estimate for the model case in Section [4| are proved in a situation without boundary.

3If the obstacle has a trapped set of full measure (for example, imagine a three-dimensional version of
the letter C, with the ends very close to each other), then a lot of energy will stay near the trapped set
and we cannot expect exponential decay. However, the estimate is still true in certain cases when
the trapping is mild; i.e. almost all trajectories near the trapped set move away from it exponentially fast.
See [IK] for the case of several convex obstacles and [NoZw] for a general statement under a certain pressure
condition.
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equation A

(=4, —whi(w) = f(w). (1.4)
The equation ((1.4) makes sense for Imw < 0 as well. In fact, one can show that there
exists a family of operators R(w) : L2, (£) — Li.(£) (i.e., from compactly supported
to locally square integrable functions) such that @(w) = R(w)f(w) for Imw > 0, and
R(w) is meromorphic in w, with poles of finite rank. The construction of R(w) depends
on the structure of spatial infinity; for the obstacle problem, one can either construct a
parametrix from the free resolvent and the cutoff resolvent of the Laplacian on £ using the
framework of black box scattering [Sj, Section 2.3], or use the method of layer potentials [Tal,
Section 9.7]. We will not give a construction of R(w) here; we only note that in the absence
of the obstacle, it would be given by the free resolvent

1 [ etwle—yl

RO(w)f(‘r) = E |.T _ y|

f(y) dy. (1.5)

The operator R(w) has no poles on the real line; however, it does have infinitely many poles
in {Imw < 0}, called resonances.

Coming back to analysing the behavior of u(t) for large ¢, we write by Fourier inversion
formula

1 , .
t)=— TR dw.
)= [ R )
We now want to deform the contour of integration to the lower half-plane, where e~ is

decaying exponentially in ¢ — +ooE| For this, we need to have an estimate on R(w) in
some strip below the real line; we claim that under the nontrapping assumption, we have
the following nontrapping estimate: for each y € C§°(€) and each v > 0,

IxR(W)x|lz2—r2 < Clw|™", Imw > —v, |Rew| > 1 depending on v. (1.6)

Given (|1.6)), we see that for each v, the set of resonances in {Imw > —v} is finite; therefore,
we can write

u(t)= > Res@(e-“wR@)f(w)H% / e R(w) f(w) dw
tmoz-v | ) ey (1.7)
= Y Resg(e ™R(w)f(w)) + 0™,

Imw>—v

where we estimated the integral by (1.6 and used the fact that f (w) is Schwartz in Rew
for bounded Imw. The sum in ([1.7]) is over resonances @ and each of its terms has a time
profile t*¢ =" with k& > 0 an integer and e~ exponentially decaying. The formula ((1.7)

4The general contour deformation argument can be found in [Sj, Section 3]. For a simpler one-
dimensional situation, the reader is directed to [Zw, Section 2.2]; in fact, the nontrapping estimate
there follows from our discussion below, as after semiclassical rescaling the operator D2 + V(x) becomes
h?D?2 + h2V (z) instead of h?D? + V (x) that we study; thus, the semiclassical prinicipal symbol is just |£|?
and its flow is nontrapping regardless of V.
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is known as resonance expansion of linear waves. In particular, if we take v > 0 small
enough so that there are no resonances in {Imw > —v}, we arrive to the exponential decay
estimate ([L.1).

We now need to understand why the geometric nontrapping condition on the classical
flow implies the nontrapping estimate . The estimate was proved by Morawetz
for a star-shaped obstacle, see [LaPhi, Appendix 3 and Theorem 5.3.2]. For that, she used
the vector field

F=x-0,.

The symbol of (i times) the multiplier F' is the function f(x,£) = z-¢&. For p = [€)?
the symbol of the Laplacian, one computes the derivative of f along solutions to (1.2)):
H,f = 2|¢]* > 0 for £ # 0. Moreover, if O is star-shaped, then f strictly increases with
each reflection; therefore, f grows along the billiard ball trajectories. Such f is called an
escape function; its existence is equivalent to the obstacle being nontrapping. For a general
nontrapping obstacle, we might not be able to find an escape function f which is polynomial
in ¢ and would thus correspond to a differential operator F'; however, we can quantize an
arbitrary smooth function f to a pseudodifferential operator. The nontrapping estimate
in this general case is then proved as follows: we first handle the infinity, for example
by complex scaling (presented in Section {4| for a model one-dimensional case) and then
use the propagation of singularities estimate, based on Hérmander’s positive commutator
argument; the latter is presented in Section [3

2. SEMICLASSICAL QUANTIZATION

In this section, we briefly review semiclassical notation as used in [EvZw]. We consider
the Weyl quantization (see [EvZw, Chapter 4] for details)

a € S™ > Opy(a) = a"(z,hD,) : Hi(R") — Hy ™ (R")

We will often denote semiclassical quantization of a symbol by the corresponding uppercase
letter, e.g. A := Op,,(a). Here a smooth function a(z, &) lies in the symbol class S™ if and
only if

02 0¢a(x,€)| < Caple)™ .

(We restrict to Kohn—Nirenberg symbols as in [EvZwl Section 10.3] to make it possible
to quantize functions on manifolds.) For m a nonnegative integer, the class S™ includes
polynomials a(z, ) in £ (with coefficients functions of = bounded with all their derivatives),
and the corresponding operators Op,,(a) are semiclassical differential operators. (We use the
Weyl quantization to fix notation; any other quantization would work equally as well.) The
H} are semiclassical Sobolev spaces; however, we will often concentrate on the behavior of
symbols in a compact subset of (z, £); for functions localized there, all semiclassical Sobolev
norms are equivalent. We also assume that all studied symbols a(z,£; h) € S™ are classical



PROPAGATION OF SINGULARITIES AND NONTRAPPING ESTIMATES 5

in their dependence on h in the following sense: there exists a sequence a;(x,§) € S™
such that for each IV,

CL(.I,&; h) = Z hjaj<x7£) + O<hN>Sm_N'

0<j<N

We write a ~ > >0 hia;. It turns out that the space of operators with classical symbols
is invariant under the basic operations of semiclassical analysis (products, adjoints, and
changes of variables). The component «y is called the principal symbol.

The main property of semiclassical quantization that we use is the multiplication formula:
a€ S™ be S = Opy(a)Op,(b) = Op,(a#d),

where a#b € S™ 12 and

(@#0)(0,6) ~ 3 506 - 0. = 0y 0, ala bty )

In particular, we derive (with remainders bounded between appropriate semiclassical Sobolev
spaces)

Opp(a) Opy,(b) = Opy,(ab) + O(h), (2.1)
[Opy(a), Op,(b)] = %Oph({% b}) + O(h?). (2.2)
Here {a, b} is the Poisson bracket:
{a,b} = O¢a - 0,b — 0ya - Ogh.
For a real-valued, we can write {a,b} = H,b, where H, is the Hamilton vector field of a:
Hy, = 0ca - 0, — 0ya - Ok

Finally, we need the following sharp Garding inequality [EvZw, Theorem 4.32]: if a € C§°
and a > 0 everywhere, then there exists a constant C' such that for each u € L2,

(Opy(a)u, u) > =Chllul]z.. (2.3)

Here (-, -) denotes the L? inner product.

3. PROPAGATION OF SINGULARITIES

The results of this section apply in fact to any manifold, not just R", if we use semiclas-
sical quantization on manifolds as in [EvZwl, Chapter 14].

We let p(x,&; h) € 8™, with py its principal part, and let P = Op,(p) be the associated
operator. Our goal is to get estimates on solutions to the equation Pu = v. We start with
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Theorem 1. (Elliptic estimate) Assume that a(x,§) is compactly supported and such that
supp a C {po # 0}. (3.1)

Then there exists a constant C such that for each u,

[Aul[z2 < Cl[Pul| 2 + O(h>)|u] 2

Proof. 1f one is content with O(h) in place of O(h*), the estimate is proved by taking any
qo(z,&) € CF° such that a = qo - po; its existence follows immediately from (3.1). Then

by (2.1),
A = Opy(qo) P + O(h);

thus

[ Aullr2 < [| Opy(go) Pull 2 + O(R)]|ul| 2 (32)

< C||Pu||rz + O(h)||u|| Lz '
In order to get the O(h™) remainder, we consider an h-dependent g:
g~ > hg;,
j=0
such that, with @ = Op,(q),
A= Q#P+ O(h™). (3.3)

This is done by inductively solving for each ¢;. In fact, gy has been found above, and we
will be able to arrange it so that each ¢; is supported in {py # 0}. Assume that for some
J, we found ¢, ...,qy_1 such that

a— () Wag)#p=0(h"). (3.4)

j<J
We can write the right-hand side of as h'cy(z,€) + O(h’/*1), with ¢; supported in
{po # 0}. Then, if we take ¢; such that pyq; = c;, we have for J+1 in place of J. By
induction in J, we arrive to . It remains to argue analogously to , with @) taking
the place of Op,(qo)- O

The main fact to be proved in this section is

Theorem 2. (Propagation of singularities) Assume that the principal symbol pgy is real
valued. We can then consider the flow lines of the Hamiltonian vector field H,,, which we
call bicharacteristics. Also, assume that g € S™ is such that qq is real-valued. Let a,b, g be
compactly supported functions on R®*" such that suppb C {g # 0} and one of the following
dynamical assumptions holds:

(1) for each bicharacteristic v(t) with v(0) € suppanN{py = 0}, there exists T > 0 such
that v(T') € {b# 0} and v(]0,T]) C {g # 0}, and qo < 0 near suppg;

(2) for each bicharacteristic v(t) with v(0) € suppan{py = 0}, there exists T > 0 such
that v(=T) € {b # 0} and v([-T,0]) C {g # 0}, and go > 0 near supp g.
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FIGURE 1. Assumptions of Theorem [2] We estimate Au by Bu and G(P — iQ)u.

Then, there exists a constant C such that for all u,

[Aul[z2 < C([[Bullzz + hHG(P = iQ)ul|z2) + O(h*)Jul| - (3:5)

If Bu = O(h*™) and Pu = 0, we see that Au = O(h*). This means that for ¢y = 0,
Theorem [2| can be reformulated as follows: the wavefront set (in the sense of [EvZw, Sec-
tion 8.4]) of any solution of Pu = 0 lies in {py = 0} and is invariant under the Hamiltonian
flow of pg. One can also say that regularity propagates along the bicharacteristics in both
directions. Then for qq < 0, regularity propagates backwards along the bicharacteristics,
while for gg > 0, it propagates forward. The operator @), called complex absorbing operator,
is important in our application in Section [4| because it fixes the direction of propagation.
To see how the sign of ¢ affects the direction of propagation, one can consider the one-
dimensional example with P = hD,, @ = q(z) < 0 everywhere, a(z) supported near z = 0,
and b(z) supported near z = 1. Then the solutions to (P —iQ)u = 0 are multiples of

u(x) = exp ( —h7 /Oz q(y) dy);

we see that ||Aul| < ||Bu||, but not the other way round. Note also that the assumptions
of the theorem still hold for ¢ = Ch for some constant C' (as the principal symbol of @ is
then zero), and then || Au|| ~ || Bul|; this explains why the escape function we construct
below has to grow sufficiently fast (condition (3) in Lemma [3.1)).

We now prove Theorem 2l We operate under the assumption (1); assumption (2) is
handled, for example, by multiplying both P and ) by —1. We can moreover assume that
(1) holds for bicharacteristics with v(0) € supp a, not just (0) € suppan{p, = 0}; indeed,
we can write a = a; +ag, where (1) holds for each v with v(0) € supp ay, and ay C {py # 0}
and thus Theorem (1| applies to it. First, we reduce Theorem |2 to the following estimate:

[Aul 2 < C(|Bul| 2 + B G(P = iQ)ul| 2 + B2 Gul 2) + O(h™) Ju]| 2. (3.6)
Indeed, we can prove the following family of estimates by induction in n:
[Aul 2 < C(|Bul| 2 + B~ G(P = iQ)ul 2 + B"?||Gul| 12) + O(B)|[ull 2. (3.7)

For n =1, (3.7) is just (3.6)); knowing (3.7)) for all n immediately gives (3.5). So assume
that (3.7) holds for some n and all operators satisfying the assumptions of Theorem , and

we want to prove it for n + 1 and some operators A, B, G. Since supp aN{py = 0} is closed
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FIGURE 2. An escape function f;(t), with the ligher and darker shaded re-
gions corresponding to A and B, respectively.

and {b # 0} is open, we can find G’ such that the assumptions of Theorem |2/ hold both for
(A, B,G") and (G', B,G). Then we apply for n and the operators (A, B, G') and
for the operators (G, B,G) to estimate the term [|G’ul|z2 on the right-hand side of (3.7)),
and get the required estimate (with ||G'(P — iQ)u|2 < C||G(P — iQ)u|| 2 + O(h™)||ul| 2
by Theorem .

It now remains to prove . For that, we use the positive commutator argumentﬂ The
key component is the escape function:

Lemma 3.1. For each R > 0, there exists a function f € C§°(R*™) such that:

(1) f > 0 everywhere and f > 0 on suppa;

(2) supp f C {g # 0};
(3) Hpyf > Rf near the complement of {b # 0}.

Proof. We use a local construction and a covering argument, similarly to [DaVa2l, Lemma 4.3].
Take a point p € suppa and let y(t) = exp(tH,,)p be the bicharacteristic starting at
p. By the dynamical assumption, there exists T' > 0 such that v(T") € {b # 0} and
v([0,T7) € {g # 0}. We now introduce the system of coordinates]

(t,¢) € [=&, T + e x {[¢] <}

in a neighborhood U of ¥([0, T]) such that (¢) has coordinates (¢,0) and the Hamiltonian
vector field H,, corresponds to 0;. We shrink U (and decrease ¢) so that U C {g # 0}
and each point with coordinates (¢,(), where t € [T, T + ¢), lies in {b # 0}. Now, take a
function fi(t) € C§°(—e, T+¢) such that f; > 0, f1(0) > 0, and 0, f1 > Rfy on (—¢,T]. (See
Figure [2} note that near the "touchdown’ ¢t = —¢/2 we can make f; behave like e~!/(#=5/2)

SWhen there is no @, one can prove propagation of singularities using Egorov’s theorem; see for exam-
ple [HOIV] Section 26.1] for the microlocal setting and [EvZwl, Section 13.3] for the semiclassical setting.
We use the positive commutator argument because it is more robust and in particular applies when the
complex absorbing operator () is present.

60f course, such coordinates exist only when p is not a critical point of pg (in most applications, py has
no critical points on {pg = 0}). The opposite case is handled trivially, as then p € {b # 0}.
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and we see that 0,f1(t) > fi(t).). Also, take nonnegative y(¢) supported in {|(| < €} and
such that x(0) = 1. Then the function

fo = F10)x(¢) € G (U),
extended by zero outside U, is nonnegative, satisfies properties (2) and (3) of the statement

of this Lemma, and is nonzero in a neighborhood U, of p. It remains to use compactness of
supp a, cover it by finitely many sets U,, and take the sum of the corresponding functions

fo- O

Now, let F' = Op,,(f). Let us write P = Re P + i Im P, where by the adjoint property
of semiclassical quantization [EvZw, Theorem 4.1(ii)] Re P = (P + P*) is formally self-
adjoint and still has principal symbol py and Im P = (P — P*) is O(h). We now calculate
(with (-, -) denoting the L*-inner product)

Im((P — iQ)u, F*Fu)

= %(((Re P)u, F*Fu) — (F*Fu, (Re P)u)) — Re((Q — Im P)u, F* Fu)
— %([F*F, Re Plu,u) — Re(FQu, Fu),

where @ = () — Im P still has principal symbol ¢o > 0 on supp f C supp g. Then it follows
from sharp Garding inequality (2.3)) (by applying it to Op,(x)@, with x equal to 1 near
supp f and supported inside {g # 0}, and using that F'(1 — Op,(x)) = O(h™)) that for
some constant Cy independent of the choice of F',
Re(QFu, Fu) > —Cohl|Full}> + O(h™)][ul[3..
Now,
Re(FQu, Fu) = Re(QFu, Fuy + Re([F, Qlu, Fu);
the last term on the right-hand side equals (Re(F*[F,Q])u,u), where T = F*[F,Q] =

b Op, (f{f,q}) + O(h?). Since f{f,q} is real-valued, we know that ReT = O(h?) and its
symbol is supported in {g # 0}. Therefore, for h small enough

Re(FQu, Fu) > —Coh(F*Fu,u) — O(h?)||Gu||%. — O(h™)]|ul[3
and

h™ Im((P—iQ)u, F*Fu) > <(22—h[Re P, F*F]—COF*F) u,u>—O(h)HGuH%2—O(h°°)HUH%Q.

Choose R > Cj in Lemma [3.1} The operator in parentheses on the right-hand side has
principal symbol

fHpf = Cof?,
which is nonnegative near the complement of {b # 0}. Then, for large enough constant C1,

the function
fHpo f — Cof? + Cy|b> = C ' f? (3.8)
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is nonnegative everywhere. We may always shrink b so that suppb C {g # 0} and the
dynamical assumption still holds. Then the function from (3.8)) is supported inside {g # 0};
applying again sharp Garding inequality, we get

Wt Im((P — iQ)u, F*Fu) > Cy || Fullz: — Ci|| Bul[z2 — O(h)[|Gull7> — O(h™)]|ul|Z-.

This converts (using Theorem (1| and the fact that the symbol of F*F is supported inside
{g # 0}) to the estimate

|Full72 < C(|Bullz2 + A |G(P = iQ)ull g2 - | Full 2 + k|Gl 72) + O(h*)|ul| 7.
From here, it follows that
1Fullze < C(|Bullrz + [G(P = iQ)ul| g2 + B2 Gl p2) + O(h*°)Ju| r2;

using that ||Aul/r2 < C||Ful|z2 + O(h™)||u||z2 by Theorem [I} we get (3.6) and thus finish
the proof of Theorem [2]

4. COMPLEX SCALING AND NONTRAPPING ESTIMATE

We now explain how propagation of singularities implies the nontrapping estimate .
First of all, we perform semiclassical rescaling: for the obstacle case, let P = —h?A on
& with Dirichlet boundary conditions, and assume that h is chosen so that hw = 1 + ho,
with 0 = O(1). (Recall that | Imw]| is bounded by v in the nontrapping estimate. The case
Rew < 0 is handled similarly.) Then, if w is not a resonance, f € C§°, and u = R(w)f,
then wu is the unique solution to the scattering problem

Pu = h*v, u is outgoing. (4.1)

(For the obstacle case, one needs to assume the Dirichlet boundary condition on u; as
remarked before, we will avoid dealing with boundary value problems and billiard ball flow
and study a model problem with no boundary.) If w is a resonance, then there exists a
nonzero solution to (4.1) with zero right-hand side. The outgoing condition acts like a
boundary condition at infinity. We will not state this condition in general, noting only the
following: (1) for Imw > 0, being outgoing is equivalent to lying in L? of the whole space,
and thus the scattering resolvent is equal to the usual resolvent given by spectral theory of
the Laplacian (2) for Imw = 0, the outgoing condition is known as Sommerfeld radiation
condition, see [Tal Section 9.1] (3) for the obstacle case, the outgoing condition means that
outside of some ball B(0, R), u = Ro(w)?, with o € C5°(R?) and Ry(w) the free resolvent

from ([1.5)).

There are several methods of obtaining microlocal information from the outgoing con-
dition, including (1) complex scaling the problem to emphasize the outgoing trajectories
while dampening the incoming ones [SjZw], (2) radial points estimates [Val], and (3) con-
sidering instead the operator P — i) with ¢ > 0 near infinity (see for example [WuZw])
and gluing it together with some other estimate at infinity [DaVal]. Each of the methods
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above should produce the following effect: u is O(h*) near the incoming points near in-
finity; for a large compact set K C R?" containing the trapped set, a point (z,&) € K is
incoming if the backwards bicharacteristic starting at this point never enters K and goes
to infinity. Then by propagation of singularities, u has to be microlocalized on the set of
backwards trapped trajectories and the trajectories starting at the wavefront set of v. If
the nontrapping assumption holds, then there are no backwards trapped trajectories and
we can estimate u through v, thus getting the nontrapping estimate.ﬂ

We now give the proof of the nontrapping estimate in a model example of one-dimensional
scattering by a compactly supported potential; see [Zwi, Section 2] for a detailed description
of this setting. Namely, assume that u solves the scattering problem

P(h)u = vy, P(h) =h?D2+V(x) — (1+ ho)>

Here 0 € C is bounded, z € R, and V(z) € C§°(R). We assume that both V and v are
supported in some ball (=X, X). We also assume that u satisfies the following outgoing
condition:

u(x) = cpetIHh2/h for 44> X,

where ¢4 are some constants. (By theory of constant-coefficient ODE, on any interval out-
side of the support of V' the function  is a linear combination of !t *+ho)e/h and e=i(1+ho)z/h )
The nontrapping estimate takes the form

||u||L2(—X,X) S Ch_ln'UhHLQ. (42)

(The power of h is different from because the operator P(h) is h? times the original
operator and thus we are considering v, = h?v instead of v.) To prove , we start
by applying complex scaling as described in [Zw] Section 2.6]: using the holomorphy of u
near infinity, we deform it to complex values of z. Namely, let F'(x) be a smooth function
supported in {|z| > X}, equal to x for large values of x, and with F’(z) > 0 and F'(z) > 0
for |x| > X. Define the complex rescaled function

@) = {u<x>, 2] < X;

cyetitho)@tiF@)/h 40 > X

This is the result of first extending u to the complex plane C on {|z| > X}, and then
restricting it to the contour I' = {x + iF'(z) | € R}. Note that @(z) is now exponentially
decaying and thus lies in L? globally. We can deform the operator P(h) into the complex
as well (recalling that V' = 0 when I' is not on the real line) and then restrict it to I', to

n fact, instead of the positive commutator method presented in Section 3| one often needs to use a
closely related method of conjugating by the exponential of the escape function, for instance to get a
logarithmic resonance free region [SjZw]| or in certain estimates for mild trapping [WuZw], but we do not
pursue this direction here.
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1+iF(x)
We can split P into two parts, roughly the real and the imaginary part :
P =P —iQy;
1— F'(z)?

P = W(w,f +V(x) —1+0(h),

0 = 2F'(z) Q(th)?

(1+ F'(x)?)
We see that both P, and () are semiclassical differential operators of order 2 of real
principal type. In fact, the principal symbol of P; restricted to [—X, X] is just

pla,&) =&+ V(z) -1,

and the principal symbol ¢q of Q; satisfies gy > 0 everywhere and ¢o > 0 on {|z| > X}. The
nontrapping assumption in our situation in particular means that every bicharacteristic of
p on {p = 0} escapes to infinity as time goes to —oo. In particular, this bicharacteristic
reaches the elliptic set {¢ > 0} of @ right after it crosses the lines {z = £X}; a little bit
beyond these lines, the principal symbol of P; is still close to p. Therefore, we can find
compactly supported functions a(zx,§) and b(x, ) such that:

o a#0on {p~'(0)}N{lz[ < X}

o suppb C {|z| > X};

e cach backward bicharacteristic of the principal symbol of P; starting at suppa
reaches {b # 0}.

We are now in position to apply Theorem [2} we get
1Ad]|z2 < C(h™onllz2 + | Billz2) + O(h%)]|u]l 2.
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FIGURE 4. Left: an example of a potential V(x) satisfying the nontrapping
assumption. Right: the corresponding bicharacteristics, with the supports of
a and b marked.

However, supp b lies inside the set {g > 0}; therefore, by Theorem
|B[r2 = O(h™)|[u] z2.

Combining these with a standard elliptic estimate away from {p—ig = 0} (namely, a version
of Theorem (1] allowing non-compactly supported symbols with estimates in semiclassical
Sobolev classes), we get

lllz: < Ch™ vl e,

which immediately translates to the required estimate (4.2]).
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