Worksheet 12: Subspaces and bases

1-4. For each of the following sets, either prove that it is not a subspace
of R"™, or represent it as Col A or Nul A for some matrix A:

{(a,b,c,d) | a —2b = 4¢, 2a = ¢+ 3d}, (1)
{(a,b,c) |a+b=c+ 2}, (2)
{la=b,a+b,b+1)|a,beR}, (3)
{(=a+2b,a —2b,3a — 6b) | a,b € R}. (4)

Answers: (1) This is Nul A, for

1 -2 4 0
A:{Q 0 -1 —3}

(2) Not a subspace, as does not contain the zero vector.

(3) Not a subspace, as does not contain the zero vector. Indeed, if (a —
bya +b,b+1) = (0,0), then a — b = a+ b = 0; thus, a = b = 0, which
contradicts that b+ 1 = 0.

(4) This is Col A, for

-1 2
A=1]1 =2
3 —6

5-8. Determine which of these sets form a basis of R%. For those sets
which are not bases, state whether they do not span R3, are not linearly



independent, or both:

1 3
20, (4] ¢ (5)
0 1

1
2 (8)
0

Answers: (5) Not a basis — linearly independent, but do not span R3

(6) Not a basis — linearly dependent and do not span R? (7) Basis (8) Not
a basis — span R3, but linearly dependent.

9. Prove that every basis of R? consists of 3 vectors.

Solution: Let 7, ..., %, be a basis of R®. Then if n > 3, these vectors
cannot be linearly independent; if n < 3, they cannot span R3. Therefore,
n=3.

10. Lay, 4.3.13.

Answer: Basis for Nul A: (—6,—-5/2,1,0),(—5,—3/2,0,1). Basis for
Col A: (—2,2,-3),(4,—6,8).

11. Does there exist a subspace W of R3 such that the vectors from
problem 5 form a basis of W7 What about the vectors from problem 87

Solution: The vectors in problem 5 are linearly independent and form
a basis of the subspace spanned by these vectors. The vectors in problem 8
are linearly dependent and cannot form a basis of anything.

100.* Let A be an m x n matrix, and 7" : R®™ — R™ be the linear trans-
formation defined by the formula 7'(7) = AZ.
(a) Let X be a subspace of R". Prove that the set

T(X) = {T(7) | ¥ ¢ ")

is a subspace of R™.



(b) Let Y be a subspace of R™. Prove that the set
T7(Y)={7|T(7) e Y}

is a subspace of R™. (Caution: T need not be invertible for T7}(Y) to be
well defined!)

Solution: We only verify that T(X) and 7-!(Y") are closed under addi-
tion; the rest is left to the reader.

(a) Let 71,92 € T(X). Then there exist 71,75 € X such that ¢; =
T(Z1),y> = T(¥2). Since X is a subspace, 71 + Z» € X; since T is linear,
N+ Yo = T(fl + fg) S T(X)

(b) Let @1,Zy € T~YY). Then T(Z),T (%) € Y. Since T is linear,
T(¥ + o) = T(Z1) + T(Z2); since Y is a subspace, T'(Z1) + T'(73) € Y.
Therefore, T'(Z; + Z3) € Y; it follows that @) + @ € T-H(Y).



