MATH 279 HOMEWORK 5

1. Let m be an order function on R** and assume that a € S(m) is globally elliptic,
that is there exists a constant ¢ > 0 such that

la(z, &) > em(x, &) forall (z,6) € R*™, he(0,1].
(a) Show that ™' € S(m™1).

(b) Arguing by induction construct symbols by := a ', by,by, ... and ry,79... such
that b; € h/S(m™1), r; € W S(1), and for all j > 0

a#f(bo + -+ +bj) =1+ 71541

(c) Using Borel’s Lemma, take an asymptotic sum
b~ by S(m™)
=0

and show that a#b =1+ O(h™)g().

(d) Arguing similarly, we can construct b € S(m~") such that b#a = 1+ O(h™)gq).
Using associativity of the # product, show that b = b + O(h™)g(m,-1) and thus

a*b" =1+ Oh>)2sp2, bYa" =1+ O(h®)a 2.

2. Let m be an order function and a € S(m) be nonnegative and globally elliptic.

(a) Show that /a € S(y/m).
(b) Arguing as in the previous exercise, construct b ~ >3 b; € S(y/m), b; €
W S(y/m), by = /a, such that b#b = a + O(h™)g(m).
(c) Assume now that m = 1. Writing
a¥ = (b")* + O(h™) 212
show the easy Garding inequality: there exists ¢ > 0, hg > 0 such that for all A € (0, hy)
(a™(z, hDy)u,u) > c||ul|3. for all we L*R").
(For this part one could actually just use b := /a.)



