
MATH 279 HOMEWORK 4

For this homework you might find useful the following formula for the Fourier–

Laplace transform of general Gaussian integrals (following by analytic continuation

from [Zw, Theorem 3.1]):∫
Rn
e−

1
2
〈Qw,w〉−i〈w,ζ〉 dw = (2π)n/2cQ| detQ|−1/2e−

1
2
〈Q−1ζ,ζ〉 (0.1)

where Q is a complex symmetric n × n matrix, ReQ is positive definite, ζ ∈ Cn,

〈z, w〉 :=
∑

j zjwj, and cQ is a constant depending on Q such that |cQ| = 1.

1. Fix δ ≥ 0 and consider the symbol on R2n

a(x, ξ;h) := a0

( x
hδ
,
ξ

hδ

)
where a0(x, ξ) := exp

(
− |x|

2 + |ξ|2

2

)
.

(a) Show that a ∈ Sδ(1).

(b) When δ ≤ 1
2

show that

‖aw‖L2(Rn)→L2(Rn) ≥ c > 0

for some h-independent constant c. (Hint: apply the operator to u(x;h) = exp(− |x|
2

2h2δ
),

computing awu using (0.1).)

(c) When δ > 1
2

show that

‖aw‖L2(Rn)→L2(Rn) ≤ Chn(δ−
1
2
)

for some h-independent constant C. (Hint: bound the operator norm by the L2 norm

of the integral kernel.)

2. Let a be as above. Let a#a be defined in [Zw, Theorem 4.11].

(a) Using (0.1) show that

a#a(x, ξ) =
(

1 +
1

4
h2−4δ

)−n
exp

(
− |x|2 + |ξ|2

h2δ + 1
4
h2−2δ

)
.

(b) For which values of δ can we say that a#a = a2 + o(1) (uniformly on compact sets

in (x, ξ)) as h→ 0?
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