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1 (a) = (b) Fix xy and W as in (a). Take ¢ € C°(R™) such that suppy C W and

(&) # 0. Define
B = (hD,)x € ¥)(R").

We have for all &,
Bu(&/h) = (E)xu(€/h). (1)
Since (a) holds and % is compactly supported inside W, we have for all N

| @ \Bue/m s = 00)
which implies that for all N
[Bull gy = O(h™).
Now, since o,(B) = x(x)¥(€) (by the product formula) and x(zo)¥ (&) # 0, the
operator B is elliptic at (zg,&p). Choose a small neighborhood V' of (xg, &) such that
V C ell,(B), and assume that A € ¥9(R"™) is compactly supported and WF,(A) C V.
Using the elliptic parametrix construction, we construct @ € ¥9(R™) such that
A=QB+ O(h™)g-.
Applying this to u and using that u is h-tempered, we get for all N
|Aullgy < CllBullgy + O() = O(h).

Therefore, (b) holds.
1 (b) = (a) Fix V from (b). Choose x,¢¥ € C*(R™) and a neighborhood W of &,
such that

X(zo) #0, Y =1on W, suppx xsuppy C V.
Put B :=¢(hD,)x as before. Fix y; € C2°(R"™) such that supp(1 — x1) Nsupp x = 0.
By pseudolocality of ¢(hD,) and h-temperedness of u we have for all N

I(1 = x1)Bul[> = O(h%).

On the other hand, since x1 B is compactly supported and WF;(x1B) C V, we have

by (b)
[x1Bul| 2 = O(h™).

Therefore ||Bul|2 = O(h*), which by (1) implies (a).
2 (a) We have Pu = 0 where

P = hDCC - ixa Oh(P) =D p(x7£) = f — .
1
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The symbol p is elliptic except at (0,0), therefore by the elliptic estimate WF,(u) C
{(0,0)}. The only problem is that p is not bounded uniformly in x, so to obtain a
legal solution we can take P = hD, — it)(x) where ¢ € C*°(R;R) satisfies

v(x) = {”’” .
sgnx, |z|>1,
and ¢ # 0 on R\ 0. With this definition we have
f:=Pu=i(x— @D(SE))G_%
and since x — ¢(x) is supported away from zero and the Gaussian is rapidly decaying

in h away from 0 we have f = O(h®) ) and thus WF,(f) = 0.

2 (b) We have WF,(u) C {x > 0} since suppu C {x > 0}. Next, we have Pju =
Pyu = 0 where

Py =49(x)-hDy, on(P1) =p1, pilz,y.&n) =v(@)E;
Py =hDy, on(P) =p2 pa(z,y,&,m) =
Here the function 1) is chosen as in part (a). By the elliptic estimate we have
WE(u) C {z§ =0} N {n =0}
and this gives the desired statement.
3. Since the statement that we need to prove is local and is near the fiber infinity,

without loss of generality we may restrict to the cone C := {& > ¢|¢/|} € T'R". Then
we can use the coordinates suggested in the hint:

x, o, p=&t ni=E/&.
Note that
O, = —p?0, — pn - 0y, O = pOy.
In these coordinates the Hamiltonian vector field
Hp = 851]9 . axl + aélp . 81./ — awlp . 851 — 8$/p . aé"/
takes the form
Hy = —(pdpp + 1 - 8yp)pds, + pOyp - Qs + O, p + p*p + (1 Oy p — D) - pOy.

By Exercise 3 in the previous problem set, the function (£)~*p extends smoothly to
the boundary of T'R"™. In the region of interest we may replace (€) by p~t, since
p(&) = /14 p?+ |n|? extends to a smooth nonvanishing function on C. Therefore,
q := p"p is a smooth function of x1,2’, p,n up to the fiber infinity {p = 0}. Similarly
we may study the vector field p*~'H, instead of (¢)!"*H,,. We have

PP Hy = —(pBpq — kg + 1+ 0yq)0s, + Oyq - Owr + Oy - pO, + (0 - D q — urq) D).
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This is clearly a smooth vector field up to {p = 0}. Moveover, since p* 1 H,p = pd,,q
vanishes on {p = 0}, the vector field p*~'H,, is tangent to the fiber infinity {p = 0}.



