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1. Take arbitrary x0 ∈ supp a. Since ∇Φ(x) 6= 0, by the inverse mapping theorem

there exists open sets Vx0 3 x0, Wx0 in Rn and a diffeomorphism ψx0 : Vx0 → Wx0 such

that Φ = x1 ◦ ψx0 on Vx0 , where x1 : Rn → R is the coordinate map.

The sets {Vx0 | x0 ∈ supp a} form an open cover of supp a. Take a finite subcover

V1, . . . , Vm and let ψj : Vj → Wj be the corresponding diffeomorphisms. Take a

partition of unity χ1, . . . , χm subordinate to the cover of V1, . . . , Vm. Changing variables

in the integral, we have

I(h) =
m∑
j=1

Ij(h), Ij(h) :=

∫
Vj

eiΦ(x)/hχj(x)a(x) dx =

∫
Wj

eix1/haj(x) dx

where aj = (χja) ◦ ψ−1
j · Jj ∈ C∞c (Wj) and Jj is the Jacobian of ψ−1

j .

It remains to show that each Ij(h) is O(h∞). For that, integrate by parts N times

in x1:

Ij(h) =

∫
Wj

(
(−ih∂x1)Neix1/h

)
aj(x) dx = (ih)N

∫
Wj

eix1/h∂Nx1aj(x) dx

which gives

|Ij(h)| ≤ Cj,Nh
N , Cj,N := ‖∂Nx1aj‖L1 .

2. We will show the stronger statement

WFh(u) ⊂ X := {(x, ∂xϕ(x, θ)) | (x, θ) ∈ supp a, ∂θϕ(x, θ) = 0}. (1)

Assume that (x0, ξ0) /∈ X. Choose χ ∈ C∞c (Rn) such that χ(x0) 6= 0 and a small ball

W ⊂ Rn centered at ξ0 such that

X ∩ (suppχ×W ) = ∅. (2)

We compute for ξ ∈ Rn

χ̂u(ξ/h) =

∫
Rn+m

eiΦξ(x,θ)/hbχ(x, θ) dxdθ

where Φξ ∈ C∞(U ;R), bχ ∈ C∞c (U ;C) are given by

Φξ(x, θ) = ϕ(x, θ)− 〈x, ξ〉, bχ(x, θ) = a(x, θ)χ(x).

We have

∂xΦξ(x, θ) = ∂xϕ(x, θ)− ξ, ∂θΦξ(x, θ) = ∂θϕ(x, θ).
1
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By (2), for ξ ∈ W the phase Φξ has no stationary points on supp bχ. Therefore, by

Exercise 1

χ̂u(ξ/h) = O(h∞), ξ ∈ W.
The latter statement is in fact uniform in ξ ∈ W , as can be seen by carefully examining

the solution of Exercise 1. (Uniformity of nonstationary and stationary phase in a

parameter, here ξ, is both true and very useful in semiclassical analysis, but is usually

made implicit.) Therefore, we obtain

(x0, ξ0) /∈WFh(u)

which gives (1).

3 (a) We write

Ixa(h) =

∫
R
xeix

2/ha(x) dx = −ih
2

∫
R
∂x(e

ix2/h)a(x) dx.

Integrating by parts (which is fine since a is Schwartz) we obtain

Ixa(h) =
ih

2

∫
R
eix

2/ha′(x) dx =
ih

2
Ia′(h).

Next, assume that a(0) = 0. Then we may write a = xb where b is a Schwartz function.

Indeed, the fact that xj∂kx(a(x)/x) is bounded for large |x| is verified directly, and to

establish that a(x)/x extends smoothly to x = 0 we use the representation

a(x) = xb(x), b(x) =

∫ 1

0

a′(tx) dt.

Now we have

Ia(h) = Ixb(h) =
ih

2
Ib′(h) = O(h).

3 (b) Define

F (s) =

∫
R
e−sx

2

dx, s ∈ C, Re s > 0.

The integral converges exponentially fast and the integrated function is holomorphic in

s, therefore F (s) is holomorphic in s as well. For real s > 0, using change of variables

y = s1/2x and the Gaussian integral we compute

F (s) =

√
π

s
. (3)

Since both sides are holomorphic in {Re s > 0}, the formula (3) holds for all Re s > 0.

Here we choose the (usual) branch of the square root
√
z on {Re z > 0} such that√

1 = 1. Now we compute for a(x) = e−x
2
,

I(h) = F
(

1− i

h

)
=

√
πh

h− i
=
√
πeiπ/4h1/2 +O(h3/2).
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3 (c) We write

a = a(0)e−x
2

+ b, b(0) = 0.

From Exercise 3(a), we have Ib(h) = O(h). Using the formula from Exercise 3(b), we

get

Ih(a) = h1/2 ·
√
πeiπ/4a(0) +O(h).


