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Abstract

In signal processing, the direction of arrival (DOA) estimation is a central problem to locate
the source of a signal. It applies extensively in wireless communication systems such as radars
and the GPS, in medical imaging, in telescopes, etc. Devising a signal sensor array geometry
that achieves higher degree of freedom (DOF) has been a crucial challenge to improve the ef-
ficiency of DOA estimation. Recently, high-order cumulants are used extensively to construct
high-order sensor arrays, but the state-of-the art high-order arrays are not optimal. This paper
proposes novel sensor array geometries, the high-order embeded arrays (HOEA) for the 4th- and
6th-order and then extends those arrays to the 2qth-order by layering. Compared to previous
methods, the proposed HOEA significantly improves the DOF generation from O(2¢9N?27) to
0(17%N2‘1)7 which increases the theoretical efficiency by 25% in the 4th order, 113% in the 6th,
and 352% in the 12th order.
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1 Introduction

1.1 Background

Signal processing is widely used throughout all aspects of our daily life to gather and process
tremendous amounts of data. The direction of arrival (DOA) technique, which focuses on processing
spatial estimation of the source of the signal, is applied in wireless communication systems such as
radars and sonars, GPS systems and satellite navigation, medical imaging techniques, and radio
telescopes.[1-5] Because of the extensive applications and the increasing amount of data to be
gathered and processed, new methods need to be devised to process data faster at lower costs. This
paper aims to achieve these goals by proposing a new sensor array geometries to increase the degree
of freedom (DOF) in the DOA estimation.

The DOA estimation is a technique in sparse sensing, a signal processing method that fully
recovers the spectral estimation of a signal using sparsely distributed sensors placed on a certain
domain. Different from the traditional compress sensing, sparse sensing does not require the signal
itself to be sparse. It comprises of two aspects: temporal estimation for signal frequency and spatial
estimation for the DOA, or the angle in which the signal arrives.

DOA estimation is a foundational problem that is studied extensively in recent years. Prominent
estimation methods include the widely known uniform linear array (ULA) which only renders DOF
of linear efficiency. It is used to estimate the DOA with high-resolution subspace-based approaches
such as the MUSIC and the ESPRIT have been proposed in [6] and [7]. However, these approaches
were insufficient for under-determined DOA estimation, in which the number of sensors is less than
the number of DOF required.

In recent years, two basic types of array geometries were proposed to address that problem.
The coprime array and the nested array have significantly increased the DOF and have received
wide research attention. Both of these structures are based on the sparse ruler problem and the
difference co-array model, which will be introduced later in this paper. Variations of the nested
array and the coprime array are proposed in [8] and [9] to reduce mutual coupling and improve

efficiency.



Most recently, high-order cumulants, a statistical method, is used to generalize difference co-
arrays into higher orders. However, generalizations from 2nd-order to high-order difference co-arrays
are highly nontrivial. This is because any array with 2¢g number of sub-array would generate (Qqq)
number of permutation invariants, or sign combinations, in the high-order cumulants model. Most
of the high-order arrays, including the state-of-the-art construction, sought to extend the nested
array model. Notably, [10] proposed the idea of 4th-order cumulants, and [11] proposed the concept
of the virtual 4th-order cumulant array. [12] and [13] proposed SAFOE-NA and SAFOE-CPA,
which are extensions for nested arrays and coprime arrays into the 4th-order cumulant structure
by using three subarrays. Improvements in their results include the EAS-NA-NA and EAS-NA-
CPA in [14] and an extension of the coprime array in [15]. Various efforts have further generalized
these structures to the arbitrary even-order cumulant for the difference co-array. The concept of
2¢-th order cumulants is proposed in [16]. Multi-order nested arrays such as the ML-NA and the
SE-ML-NA have been further proposed in [17] and [18] to provide systematic ways to extend the
results. Although these approaches extend the array geometry to 2¢-th order, they do not take full

advantage of all the permutation invariants, which makes those structures not optimal.

1.2 Overview of the Proposed HOEA

This paper will explore a new model of high-order difference co-arrays, the HOEA, with a novel
approach of embedding two or three sets of subarrays inside a larger set of subarrays.

In section 2, this paper defines the high-order cumulants and high-order difference co-arrays.
At the same time, it explains how high-order cumulants can be applied in the DOA estimation
model. Based on the structure, in section 3, the two existing array structures are generalized. This
generalization takes into account 2nd-order sum in addition to differences, and the effects of shifts
in these arrays are explored. These generalizations will enable the exploitation of more permutation
invariants in the proposed model.

Section 4 explains the proposed 4th-order and 6th-order arrays in detail. First, this section
introduces the key ideas behind bringing the ideas behind nested array and coprime array together
to form a larger, embedded structure. This model exploits variations in the permutation invariant
of the cumulants to achieve higher DOF. The nested embedding efficiently generates 2nd-order lags,
while the coprime configures the 2nd-order lags to match the sign invariant and shifts generated
lags evenly in the co-domain. For instance, the 4th-order cumulant can be expressed as a two-
order sum or difference cumulant of two difference co-array structures. However, the permutation
invariant determines the signs and possible combinations and results in three sign combinations.
While no previous method utilizes all three combinations, the proposed array accounts for all
three permutation invariants by shifting the arrays so that the three combined cumulants cover an
extended consecutive lag. Then, this section presents a similar yet more complex construction of
this model in 6th-order difference co-arrays.

Section 5 extends the HOEA model to 2¢g-th order difference co-arrays by introducing a layering
method that takes in two different co-array structures and layers them with a nested model. This
method results in a new co-array structure of a higher order and therefore generalizes the embedding
structure to 2¢-th order for any gq.

Section 6 provides a comparison among the proposed method and previous methods and explains



limitations in the proposed model subjected to future improvements.

2 High-order Cumulants in DOA Estimation

In DOA Estimation, the signal is measured as complex waveforms. Consider a linear sensor array

that contains IV sensors, and suppose these sensors occupy positions S, which can be expressed as

S:{pl‘d7p2'd,...,p]\['d} (1)

The spacing parameter d satisfies d < %, and A is the smallest wavelength of the signal.
Suppose that there are L independent narrowband signals {s;(n) | i = 1,2,..., L} whose re-
spective DOA are 0j.;) = {0; | i = 1,2,...,L}. Then, the array model for the received signal

sample is expressed by a vector,

M=

x(n) = a(f;)si(n) + w(n)

-
Il

~~ =

A

0)s(n) + w(n)

where a(6;) is the steering vector. This vector represents the array responses due to recieving the

signal at an angle 6. For instance, in figure 1, 6; would result in a steering vector a(6;)

Figure 1: Direction of arrival and steering vectors

The steering vector can be expressed by:
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A(f) is a N x L steering matrix with A(0) = [a(61),a(62),...,a(01)], the signal vector s(n) =
[s1(n),s2(n),...,s5(n)], and w(n) is the noise vector which is independent from the signal.

Since there is a one-to-one relationship between the DOA of the received signal and the calcu-
lated steering vector, the DOA of a signal can be derived by observing it from a signal sensor array.
The goal is, therefore, to estimate 6.7,

According to [16], the 2¢-th order circular cumulant matrix, Cyq,(l) can be calculated. It is

given by

L

Cagalk) =Y cags,[a(0)F @ a(6;)" 1]
i=1

x [a(0;)%* @ a(0;)* @ 1 62 Tnad(qg — 1)

Here, k serves as an index for the matrix arrangement with 0 < k < q. ¢4, is the 2¢-th order

circular autocumulant of a particular signal s; where

Coqs = Cum [siy (8), -+ 53, (0), 5, (8), -+ 85, (1)



where with s;; =s;,1 < j < 2¢g. ® represents the Kronecker product, {-}* represents the conjugacy

matrix, and {-} is the Hermitian transpose. {-}®* is defined as the N* x 1 matrix where

a)**  =a(¥)2al)®- - -®a(b)

-~
k times

02, Inqa6(q — 1) gives the white Gaussian noise.
This cumulant matrix is related to the 2¢-th order difference co-array. For the vector a(6;)®¥,

its elements are expressed as

- 27

2 _3¢ i
el (Xiz1Png Zi:l+1 p“i)SH‘e, 1<n; <N

Each one of these elements correspond to a steering vector of a high-order difference co-array that
can estimate a signal’s DOA angle. However, these elements (DOF) are not necessarily distinct,
and the distinct DOF generated depends on the geometry of the sensor array. If more distinct lags
with limited sensor positions are generated, more efficient DOA estimation can be performed.
This observation reduces the problem to how much consecutive and distinct integer elements of
Zi:l Pri— 2 iy 41 Pn; & sensor position array can generate. Essentially, for a given array S, the sum
of any g elements can be obtained. This paper examines the difference between any two of these
sums and seeks to generate as many consecutive integers as possible. This problem is described as

lag generation, which is defined below.

Definition 2.1. Consider a linear array S in the form of (1). The set of 2q-th order differences
C?(S) = ®%4(S) - d

is a set of 2q-th order lags where
q 2q
(qu(S) = {anz - Z Pn; ‘ n; € [LN]}
i=1 i=q+1
Denote ®2 as ® for short.

In addition, in further sections, this paper will construct array structures with embedding
subarrays into the larger linear array. Therefore, define the following concept of lags with the

predetermined signs of subarrays.

Definition 2.2. Consider m number of linear subarrays of the larger array S, where S = Sq U Sy U
- US,,. Let
Sg = Si or — Si

fori=1,2,...,m. The set of m-th order lags with predetermined signs (expressed shortly as lags

afterward in this paper) is given by

P( /17 /2’78/m) :{ani | n; € [1, N}
i=1



In this definition, when m = 2¢ and when there are exactly ¢ number of S;s where S} =S; and

¢ number of S;s where S = —S;,
®%(S) > ®(S),Sh,...,S))

The lags generated by the larger linear array S is made up of all possible combinations of lags with
predetermined signs of its subarrays, and there are (2qq) of such combinations in total to produce a
permutation of g positive elements and ¢ negative elements. Therefore, these combination renders

possibility to improve the DOF generation.

3 Generalization of Coprime and Nested Arrays

In the high-order cumulants mode, 2¢ subarrays are used to build up the larger linear array. There-
fore, there are different combinations to assign the signs to each subarray generates different sets
of lags. In order to manipulate those lags to generate consecutive differences, variations of arrays
structures in the 2nd-order are analyzed. Results the existing two existing array structures, coprime
arrays and nested arrays, are generalized to incorporate 2nd-order sum co-array in addition to that
of differences. The effects of shifts in these two arrays are also explored. These generalizations to
the original structure will enable the proposed techniques to exploit more permutation invariants

in the model in future sections.

3.1 Shifted Nested Arrays

First, considered the sum co-array along with the difference co-array in the shifted nested array

structure.

Definition 3.1. Let S = AUB be a linear array. Then, it s a shifted nested array if it has the
form:

S1 = {(mN2+d1)d | m =0,1,2,... N1}
Sy = {(ng +d2)d | n2 = 0,1,2,... No}

Say that S is shifted by factors of 41, 2.

The sensor positions based on the shifted nested array are shown in Figure 2. The red dots
represent sensor positions in the first subarray, S;, and the blue dots represent those in the 2nd,
Ss.

Figure 2: Sensor positions in the shifted nested array

The following lemma proves several properties of the shifted nested array. These properties
describe the relationship between the shifts, é; and Jo, applied to the two subarrays, and the

consecutive lags that they generate.



Lemma 3.2. Let S =Sy USq be a shifted nested array shifted by factors of 41,02. Then

D(S1,—Sg) = {p | —No + 01 — 2 < p < N1 No + 01 — b2}
D{p|d1—0b2 <p < NiNa+ 01 — 02}
O(—S1,S2) = {p | —N1Ng — 01 + 92 < pu < Ny — 61 + 02}
D{p| —NiNy— 61402 < pu < —01 + 2}
D(S1,S2) = {p |01+ 92 <pu < NiNy+ Ny+ 01+ 2}
D{p|d1+0d2 <p < NiN2+ 01+ 02}

Proof. Let Si(n1) and Sg(ny) denote the ni-th and na-th sensor’s position of the subarray S;
and Sy respectively. Then,

Si(n1) — Sa(n2) = (n1Na + d1)d — (na + d2)d
= (n1Na — n2)d + (61 — d2)d
—S1(N1 —n1) + So(No2 — ng) = —(N1No — niNo + 61)d + (Na — ng + d2)d
= (n1Na —n2)d + (—N1Na + No — 61 + d2)d
S1(n1) + S2(N2 — n2) = (n1 N2 + 61)d + (N2 — ng + d2)d
= (n1 Ny —ng)d + (01 + 92 + Na)d

The results from the lags of the original nested array in [8] proves this lemma. (|

This lemma shows that the lags are shifted by the same factor as the subarrays are, with little
disturbance. Those disturbances would be accounted for by selections of parameters as described
in section 4. This property of the shifted nested array enables the model to add any factor of shifts
to any of the 2¢ subarrays in the high-order models and calculate the exact lags that they produce.

3.2 Shifted Coprime Arrays

Shifting the coprime array enables us to explore relations among the embedded subarrays in the
HOEA and utilize that relation to generate consecutive lags. This section will analyze the key

property of the shifted coprime array that is later used in the proposed model.

Definition 3.3. Let S = AUB be a linear array. Then, it is a shifted coprime array if it has the

form:

S1={(n1+01)pd | n1 =0,1,2,... N1}
Sz = {(na + d2)qd | np = 0,1,2,... No}

Say that S is shifted by factors of 1, 2.

The sensor positions described by shifted coprime arrays are shown in Figure 3.

Figure 3: Sensor positions in the shifted coprime array



When considering the 2nd-order difference co-array of the coprime array, shifting both subarrays
a certain factor related to p or ¢ can result in a new array with the lags generated unchanged. The

following lemma describes this idea.

Lemma 3.4. Let S1 U Sy, S3U Sy be two coprime arrays shifted by integer distances d1, do and
01 — kq, 62 — kp for some integer k. p,q satisfies that ged(p,q) = 1. They can be expressed by the

following
={(n1 +61)pd | n1 =0,1,2,... N}
= {(n2 + d2)qd | n2 = 0,1,2,... No}
= {(n1 4+ 61 — kq)pd | n1 =0,1,2,... N1 }
:{(”2+52—/€p)qd |mp=0,1,2,... Ny}
Then,

(I)(Sl U Sg) = CI)(Sg U S4)

Proof. Because of the symmetry between ®(S;, —S3) and ®(S2, —S1) (and respectively Ss and

S4), considered one group without loss of generality.

S3(n1) — Sa(n2) = (n1 + 01 — kq)pd — (n2 + 62 — kp)qd
= (n1 + 61)pd — (n2 + 62)qd — kqpd + kpqd
= (n1 + 61)pd — (nay + 2)qd
= S1(n1) — Sz(n2)

D(S1, —S2) = {S1(n1) —Sa(n2) [ m1 =1,2,...Ni,ng =1,2,... No)}
= {Sg(n1) — 84(712) | ny = 1,2, .. .Nl,ng = 1,2, .. .NQ}
= O(S3, —Sy)

O

Because of this lemma, different ”blocks” in a shifted coprime array can represent the same
set of consecutive lags for the DOF if they differ by a certain factor of p or q. This concept is
illustrated in the graph below. Figure 4 shows an example of the lags generated by the coprime
numbers 3 and 4. The axis each shows the sensor positions, —24,—-21,...,-3,0,3,...,33 and
—24,-20,...,—4,0,4,...,32. Each integer in the block represents the lag generated by the two

sensor positions on the axis.

Figure 4: DOF lag blocks in the shifted coprime array

This graph illustrates Lemma 3.4. Each color block represents a blocked set of generated lags,
and the lags are repeated across the graph. The lags generated by certain sensors of a shifted

coprime array can be shifted. This lemma allows us to calculate the number of consecutive lags



that are generated in a shifted coprime array based on the blocks that sensor positions correspond

to.

4 Lower-order Sensor Array Models

This section will build up the HOEA from the key ideas to the 4th-order arrays, then to the
6th-order.

4.1 The Key Structure

The previous methods for high-order difference co-arrays are mostly based on generalizing the
nested array because the distribution of coprime numbers is harder to examine and manipulate in
higher dimensions. However, previous methods have disadvantages. Most importantly, they cannot
harness the extensive combinations of the high-order structure. Specifically, in a 2¢-th order co-

”

array with 2¢ subarrays, there are (2qq) ways of permutations to assign a ”+” or a sign in front
of each element in the array.

This section proposes a solution to this issue by embedding. For a 4th-order cumulant, for
instance, 4 subarrays are taken. These 4 subarrays will be in two groups of 2, and each group will
generate respective lags, which are not necessarily consecutive. There will be lags resulting from
both the sum and the difference of the subarrays. These lags will come together under different
permutation invariants to produce more sets of lags. The larger structure that unites the two groups
will adopt a coprime structure, which will bring together different sets of lags to be consecutive.
In this way, the nested subarrays can account for all the variations in the permutations, while the
coprime arrays serve to incorporate those variations into the strict structure of high-order difference
co-arrays to generate consecutive integer lags.

First, group the subarrays into two sets of ¢ subarrays and denoted them as P and Q. Nested
arrays are used to generate sets of consecutive lags Lp and LLg of ¢-th order co-arrays. These lags

do not need to follow Definition 2.1. Instead, they are of the form

k q
O pn— D P Ini€1,N,k€{0,1,...q}} €Lp or Lg
=1 i=k+1

Since it does not take in exactly half elements with negative signs and half with positive signs,
these lags account for all the possible sign permutations in the g-th order.

Then, Lp and Lg are transformed to fit the coprime array structure. Multiply each element
in each subarray of P by p and those in Q by ¢, with the greatest common divisor ged(p, q) = 1.
For each ordered pair of subarrays (P;, Q;) with P; € P and Q; € Q, these two subarrays can be
shifted by Lemma 2.4. Then, take multiple coprime arrays formed by P; UQ;. By Lemma 2.6, the
coprime structures can be shifted so that P; to the same lag interval while making Q; different.

Last, the generated lags of the coprime arrays are adjusted so that they form a sequence of

consecutive integer lags. To do that, consider the following lemma.



Lemma 4.1. Let S; and So be subarrays of a coprime array, where

Sl :{nlpd‘TZQ:O,l,2,...,N1}

So = {n2gd | ny = {;’J,MPJ +1,...,0,...,V§’J}

with N1 > q. Then, the lags generated covers

©(S1,82) = {u| -+ Dp+ | S| a<u< i+ 1p— | 2] g}

Proof. With out lost of generality, only consider all positive lags generated by

@4 (S1,—S2) = {| n1ip — naq |}

where @ denotes the positive lags generated by the 2nd-order co-arrays. By the Bézout theorem,

there exists a solution (z,yo) to the equation

| Zop — yoq |= 1
Then, this equation has the general solution

r=r0tke ez

y=1yo+kp

Therefore, there exists a pair of solution (z1,y1) such that y; € [|Z£],|5]]. Here, there is 21 ¢

[N1 + 1, 00] since or else,

| z1p — y1q | = 1P — Y14
> (N1 +1)p— {_pJ q
Let ny = x1 and ny = gy if x1 > 0, and ny = —x1 and ny = —y; otherwise. There is
| nap — naq |= p
for any p € ®4(S1,S9). O

Therefore, by this theorem, if P; are all shifted to {[ 3], 3] +1,...,0,...,[5]}, and Q; are
spread out over the interval of {0,1,2,...}, an efficient lag generation method can be obtained.
Because of this property, the original shifts applied to the subarrays are carefully constructed to
satisfy the condition of consecutiveness. The details for the construction is provided in the section

below.

10



4.2 The 4th-Order Array

Construct a 4-order difference co-array. Choose integers p, ¢ such that ged(p,q) = 1, p < N1 No,
q < N3N,4. Consider the set of sensors positions, S =Py UPy U Qq U Qg where

4q
L2
Py = {(Tlg +q)pd | Ng = 0,1,2,...,N2}

Qi = {(nsNa = |2 ])ad | na = 0,1,2,..., Ny}

@2:{(n4_ Lg )qd|n5:0,1,2,...,N5}

Py = {(mNo+ | 2| )pd |1 =0,1,2,..., M}

Then, the 4-th order array will generate a set of consecutive lags
(I)é'(S) = {:U’ | _anar < K < Mviaxvu € Z}
where the DOF is expressed by

L%qu when ¢ is even
Moy =

max

|3pq| — ¢ when q is odd

5
< {2N1N2N3N4J

This section will explain the design of the 4th-order array. However, a more detailed proof is
provided in Appendix A.

First, the larger sensor array, S, is split into four subarrays, P1, Ps, Q1, and Q2. Consider P; and
Py to be grouped and similarly Q; and Q2. Each of these groups form a shifted nested array with
that is multiplied by pd and gd respectively. Consider only positive lags that are generated in this
case, because if two sensor positions p1d — paod = kd for some desired k, then taking pod — p1d = kd.

Consider the following permutation invariants:

+ (p1+p2) — (@1 + g2)
+ (p1 —p2) — (01 + @2)
+ (p1+p2) + (@1 + g2)

where p1 € Py, po € Py, ¢1 € Q1, g2 € Q2. These 3 sets of permutations accounts for a total of 6
different cumulants. Here, the parenthesis grouped the elements of the cumulants into two different
groups, which represents two embeded subarrays. By Lemma 3.2, the lags generated in each group
can be calculated. These lags will form another 2nd-order shifted coprime structure since the
subarrays are all multiples of pd and gd. By Lemma 3.4, these three sets of cumulants would
generate three "blocks”of lags. The specifically designed shifts, 6(P1), §(P2), 6(Q1), and 6(Q2)

will account for producing consecutive lags, and by Lemma 4.1, these three shifted ”blocks” would

11



5
produce a DOF efficiency of O( §n4), where n represents the number of sensors in the subarrays.

()

The 4th-order array successfully uses all 5 = 3 permutations of the signs in the difference

(See Appendix A for a detailed proof.)

5
co-array. Overall, it yields the efficiency of O(§n4) for its consecutive lag generation.

4.3 The 6th-Order Array

The 6th-order array is constructed differently from the 4th-order array because it is more compli-
cated to match the shifting process with the consecutive lags. This section presents the construc-
tion of a 6-order difference co-array. Choose integers p,q such that ged(p,q) = 1, p < N1N2Njs,
q < N4N5Ng. Consider the set of sensors positions, S =P; UPy UP3 U Q1 U Q9 U Q3 where

Pl = {(nlNgNg)pd | ny = O, 1,2, .. .,Nl}
Py = {(n2Ns + q)pd | n2 = 0,1,2,..., Na}

3
PBZ{(H3+ \‘;J)pd|n320,1,2,...,Ng}

5
Ql = {(N4N5N6 — \‘QPJ )qd ‘ ng = 0, 1,2, . ,N4}
p
G2 = (s — | 2| pad | s = 0.1,2.....30)

Q3:{(n6_5p)qd|n6:0a1a2a--~aN6}

Then, the set of consecutive lags
(I)g(s) = {:U’ | _Mgzaz < K < Mgmx?“ € Z}

where 17 17
Mo = {qu < {2N1N2N3N4N5N6J

maxr 2

Similar to the 4th-order array, the 6th-order embedded array consists of 6 subarrays. However,

these subarrays are grouped into two groups of 3rd-order arrays. Consider the combinations the

following:
—p1 + (p2 + p3) —q1 + (g2 + q3)
+p1 — (p2 —p3) and +q1 — (2 — @3)
p1+ (p2 — p3) +q1 + (2 — q3)

There are 9 cumulants produced from this combination, where p; € Py, po € Po,p3 € P3, ¢1 € Qq,
g2 € Q9, g3 € Q3. Within each group of the embedded array, group the last two elements, as
shown in the parenthesis, to generate the lags of the last two elements. Since P; and Q; are each
multiplied by N9 N3 and N5Ng, the lags from the last two element forms another shifted array with
the first element. Since the first group is multiplied by pd and the second by ¢d, by Lemma 3.2,
Lemma 3.4, and Lemma 4.1, 9 consecutive "blocks” of lags is generated, producing an efficiency of

1
O(;nﬁ) numbers of DOF. (See Appendix B for a detailed proof.)

12



17
In general, the 6th order array reaches an efficiency of ?n6 for lag generation. It utilizes 9 out

6
of (25) = 10 number of sign combinations.

5 2¢g-th Order Embedded Array with Layering

5.1 The Layering Technique

For any two array structures that generate consecutive integer lags, they can be manipulated to

gain a higher-order difference co-array. This can be achieved by the following.

Theorem 5.1. Suppose there are two difference co-arrays, which are of 2q1-th order and 2qo-th

order respectively. They are of the form:

Si ={a1-dyas-d,...,an, -d}
SQZ{ﬁl'd)Bz'dV'wﬁNz'd}

Suppose that the generate consecutive lags

D20 (Sy) = {—pm < p <} (2)
D*2(Sy) = {—p2 < pu < po} (3)

Then, take the 2(q1 + q2)-th order difference co-array S1 U S, where
5 = {2611 - d,2Bop1 - d, ..., 20BN, 11 - d}
This difference co-array generates consecutive lags
AT (S, USh) = {—2papp — i1 < o < 21 ppp + 1}

Proof. Without lost of generality, consider only positive lags. Consider any integer u €

[—2p1 2 — p1, 21 p2 + p1]. There is the fact that p can be uniquely expressed with
w=2k-pu +r

for some integers k € [0, 2] and r € [—u1 + 1, p1]. Since ®2%(S1) and ®292(Sy) covers integer lags
expressed in (2) and (3) 7 € ®29(S;) and k € ®292(S,). Therefore, there exist

a 2q1

T:Zani— Z an,,n € [1,Ni]
i=1 i=q1+1
q2 2q2

k=Y Bui— Y. Bujni€[l,No]
=1 1=g2+1
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Then, there is

pw=r-+2k-
q1 2q1 q2 2q2
:(Zam* Z O‘nz‘)+2'(25ni* Z ﬁni)':ul
i=1 i=q1+1 i=1 i=qa+1
q1 2q1 q2 2q2
= (E On; — Z ani) + (Z 2l8ni:u1 - Z 26711“1)
i=1 i=qi+1 i=1 i=qa+1

€ @Huta)(s, USh)

5.2 Extending the HOEA to the 2¢-th order

2q
2

possible sign combinations, only 2¢ can be guaranteed. This is because of the following: suppose

Generalizations without layering are difficult to construct to construct. Out of the ( ) number of
there is a way to assign values to §(IP;),0(Q;),7 = 1,2,...¢q,7 = 1,2,...,¢ such that the (22‘1) sign
permutations each generate distinct consecutive lag intervals. Then, it yields (22‘1) equations of
the relationship between 6(P;), 5(Q;) and the shifts of generated lags. Then, there is the matrix

relationship

Here, 6(P) = [5(P1),5((2P)2), ., 0(PP)]T and §(Q) = [6(Q1),6(Q2),...,6(Q,)]T are two ¢ x 1 ma-
A2

of 1’s and ¢ number of —1’s. §(®29) contains the desired amount of shifting for the lags generated

trices. Sg is a 2g x sign matrix of all sign permutations, where each row contain ¢ number
by each permutation. Since their are 2¢ pivots in this equation, there are only 2¢ permutations
guaranteed to form consecutive lags.

Therefore, the layering serves as a more efficient way of generalizing the HOEA structure to
the 2¢-th order. Applying the method proposed in Theorem 5.1, the 2¢-th order structure can be
broken up into several 6th-order arrays. In the cases when 2g = 2 or 2¢ = 4 (mod 6), a 4th-order
array can then be layered onto an original nested array.

This method is efficient. In the case when 2¢ = 0 (mod 6), the layered HOEA has the lag
generation efficiency of

(2- UN6)S
2
Similarly, when 2¢ = 2 or 2¢ = 4 (mod 6), the layered HOEA has the lag generation efficiency of

O(2- 17q;31N2q) and O(5 - 17%]\72‘1) respectively.

0(2 ) = O(173 N29)

6 Conclusion and Future Direction

This paper explored the relationship between a generalized Golomb ruler and the high-order DOA
estimation in sparse sensing. A new approach, the HOEA, has been proposed to study the high-
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order difference co-array structure and the generalized sparse ruler problem. It relies on embedding
the shifted nested arrays into an extended and shifted coprime array structure. High-order difference
co-arrays is then constructed using the 6th-order array and the layering technique presented in the
paper, and a 4th-order array or a nested array is attached to the layered HOEA when necessary.

The 2¢-th order difference co-array structures still have room for improvement. This paper only
shows the 4th- and 6th-order arrays because HOEAs are less efficient as explained in Section 4.2.
Other structures can potentially use more combinations of the permutation invariant of the sign
and therefore extend the DOF.

Yet, this novel approach results in an improved generation of consecutive integer lags, thus
enhancing the generated DOF and makes the DOA estimation more efficient. The charts and
graphs below illustrate this improvement by comparing to two prominent 2¢-th order difference
co-array structures, the 2¢qL-NA in [17] and the SE-2¢L-NA in [18].

Array Structures | Number of Sensors Consecutive L.ag Generation
Efficiency
2q
2qL-NA > (Ni-1)+1 O(2N%)
i2=q1
SE-2¢L-NA > (Ni-1)+1 O(21N%)
i=1
2 O(173 N?9) when ¢ = 0
HOEA (proposed) Z(NZ +1) O(2- 17% N27) when ¢ = 1
i=1 O(5-175° N29) when ¢ = 2 mod 3

Table 1: Comparison of the Efficiency of Consecutive Lag Generation of the Layered HOEA with
Previous 2¢-th Order Difference Co-array Structures

In comparison to the 2¢gL-NA and the SE-2¢L-NA, the HOEA is significantly more efficient
at consecutive lag generation. To quantify this improvement in efficiency, consider the following
comparison between theoretical DOF generated by the HOEA and the state-of-the-art SE-2¢L-NA:

e In the 4th order, the HOEA performs 25% better than the SE-2¢L-NA.

e In the 6th order, the HOEA performs 113% better than the SE-2¢qL-NA.
e In the 12th order, the HOEA performs 352% better than the SE-2¢L-NA.
e And the performance advantage increases exponentially as ¢ increases.

This superior performance translates to fewer sensor resources used and more accurate DOA esti-
mation in signal processing.
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A Proof for the 4th-Order Array

Construction. Choose integers p, ¢ such that ged(p,q) = 1, p < N1 Na, ¢ < N3N,4. Consider the
set of sensors positions, S = P; UPy U Q1 U Qg where

P = {(n1N2+ %J)pd ’ ny = 0,1,27...,N1}

Py = {(n2 +q)pd | n2 = 0,1,2,..., Na}

Q1 = {(ngNy — gJ)qd|n4:O,1,2,...,N4}

QZZ{(TZ4— Lg )qd|n5:071727"'7N5}

Then, the set of consecutive lags

(I)é'(S) = {,U, ’ _M;;Llaz < 2 < Msla:m:u’ € Z}

where

[3pa) when q'i

5 qu when q is even
6

Mmax =

L%qu — g when q is odd

5
< 2N1N2N3N4J

Proof. Due to the symmetry of the high order difference co-arrays, consider only positive lags.

First, consider the combinations of the sum and the difference sets of P; and Py and Q1 and Q5 as

sets of shifted nested arrays. Applying Lemma 1, there is

*(Py, —Py) = {up | 6(P1, —P2) < < N1Ny + §(P1, —Ps), u € Z}
O*(P1,Py) = {up | 6(P1,Py) < pu < NiNa+ 6(Py, Py), p € Z}

*(Q1, —Q2) = {uq | 6(Q1, —Q2) < pu < (N3 + 1)Ny + 6(Q1, —Q2), p € Z}
®*(Q1, Qo) = {pq | 5(Q1,Q2) < p < (N3 + 1)Na +6(Qu, Qo), p € Z}

where

01 = 6(Py, =P2) = 0(P1) — 0(P2) = Lg_ —g= {2J

2o |2
63 = 0(Q1, —Q2) = §(Qy) — 6(Qq) = — %J 4 EJ _
64 =6(Q1,Q2) =6(Q1) +6(Q2) = — gJ - EJ

= —qor —q+ 1 when g is even or odd

0y = 5(Pl,P2) = (5(1@1) + 5([@1)

Denote all the above generated with lags as shifted by a factor of ¢; ®(S;) for i = 1,2,3,4 for
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the sake of notation simplicity.

Denote ®cp(dq,dp) as the lags of a coprime array generated by two subarrays, S, and S;. Con-
sider three group of coprime arrays, ®cp(d1,03), Pop(d1,—0d3), and Pcp(d2,d4). The difference
array of these arrays are 4-order difference co-arrays because the number of plus and minus signs
in each group sum to 2 plus signs and 2 minus signs. Since the positions of all the sensors in S;
and Sy are multiples of p and the positions of all the sensors in Sg and S4 are multiples of ¢, these

three groups of arrays from shifted coprime arrays.

The key approach is to shift §; and d2 to L%qj using Lemma 2. Then, if the lags from the J3

and &4 component cover an extended range, apply Lemma 3 to yield the result.

®(S;, —S3) = Dep( _Q‘JJ ,0)
B(51.81) = 2(61,~(~50) = bor(| | -)
®(S2, —S4) = Pop( ?;(]J ,—qor —q+1)
— dep( gJ ,—2gor —2¢+1)

Since p < N1 N, and ¢ < N4N5, the 3 lags above can be spliced together to form an extended
coprime array. The lags generate by all nine arrays is contained in the lags generated by A U B,

where

A= {mpd | ni = BQJB‘]J +1,...,§J}

B = {ngqd | no = —2q or —2q¢+1,...,0}

By Lemma 3, Therefore, the number of total positive lags generated by AU B is

5pq 5
P(AUB)={p|0<pu< {2J or {quJ —q}
Therefore,
CD%(S) = {:u | _M;L’Laac S W S M’rémxuu € Z}
where

Lgqu when ¢ is even
maxr ~

|3pg| — ¢ when q is odd

IN

)
2N1N2N3N4J
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The equality is reached if and only if p = N1 Ns, ¢ = NyN5 and when ¢ is even.
Proof. Because of the symmetry between ®(S;, —S3) and ®(S2, —S1) (and respectively Ss and

S4), consider one group without loss of generality.

S3(n1) — S4(n2) = (n1 + 61 — kq)pd — (n2 + d2 — kp)qd
= (n1 + 61)pd — (n2 + 62)qd — kqpd + kpqd
= (n1 + 01)pd — (ng + d2)qd

= S1(n1) — Sa(n2)

D(S1, —S2) = {S1(n1) —Sa(n2) [ m1 =1,2,...N;,ng =1,2,... No)}
= {Sg(TH) — 84(712) | ny = 1,2, .. .Nl,ng = 1,2, .. .N2}
= O(S3, —Sy)

This proves the thoerem. ]

B Proof for the 6th-Order Array

Construction. Choose integers p, ¢ such that ged(p,q) = 1, p < NyNoN3, ¢ < NyN5Ng. Consider
the set of sensors positions, S = P; U Py, UP3 U Qq U Q9 U Q3 where

Py = {(n1NaN3)pd | n1 = 0,1,2,..., N1}

Py = {(naNs + q)pd | n2 = 0,1,2,..., Na}
3

Py = {(ns + {;J)pd!n:;:O,l,Q,...,N:;}

)
@ = (oo — | 2|y [ e = 0,12, 30
2

Q3 ={(n¢ —5p)gd | ng = 0,1,2,..., Ng}

QQ = {(n5N6 — \‘7pJ )qd | ns = 0,1,2,. . .,N5}

Then, the set of consecutive lags
(I)g(S) = {:u ’ _Mrﬁnax < 12 < anaxhu € Z}

where 17 17

max 2

Proof. Due to the symmetry of the high order difference co-arrays, consider only positive lags.

First, consider the following combinations of the sum and the difference sets of P5 and P3 and Qg
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and Qg as sets of shifted nested arrays. Applying Lemma 1, there is

B2(Py, —P3) = {up | 6(Py, —P3) < pu < NoN3 + 6(Py, —P3), u € Z}
D2(Py, P3) = {up | 6(P2,P3) < pu < NoN3 + 6(Po, P3), 1 € Z}
*(Q2, —Q3) = {uq | 6(Q2, —Q3) < p < N5Ng + 6(Qa, —Q3), 1 € Z}
*(Q2, Qs) = {uq | 6(Q2,Qs) < 1 < N5Ng + 6(Q2,Qs), 1 € Z}

where
5(Py, —P3) = §(Ps) — 6(—P3) = g — BqJ { : J
§(Py,P3) = 6(Py) + 6(P3) = q + { J {;J

0(Q2, —Qs) = 8(Q2) — (-Qs) = — VQPJ or bJ

—17p

5(Q2, Qs) = 5(Q2) + 6(Qs) = — VQPJ 5= {2J

Next, consider co-arrays of order 3 by treating Ps and P35 and Q2 and Q3 as entities that forms

sets of nested arrays with Py and Q. Applying Lemma 1 again, there is

O(—Py,Po, Ps) = {up | 61 < 4 < N1NaN3 + 61, 1 € Z)
O(Py, —Po,P3) = {up | 62 < u < N1 NyN3 + 09, u € Z}
O(Py, Py, —P3) = {up | 63 < u < N1NoN3 + 33, 11 € Z}
®(—Q1,Q2,Q3) = {uq | 04 < pp < NyN5Ng + 04, 10 € Z}
®(Q1, —Q2,Q3) = {pq | 65 < pp < NyN5Ng + 5,1 € Z}
®(Q1,Q2,—Q3) = {pq | 66 < pp < NaN5Ng + 06, 0 € Z}

where

9 )
01 = —N1NyN3 — (5([@1) + 5(P2,P3) = —N1NyN3 — 0+ \‘ QQJ = —N1NoN3 + L QQJ

62 = 0(P1) — 0(P2, —P3) =0 — TQQJ - %W

53 = 6(P) + 6(Py, —P3) = 0+ {‘;IJ _ B(JJ

5
04 = —NaN5Ng — 6(Q1) + 6(Q2 + Q3) = —N4N5Ng + L QpJ + L = —N4N;Ng — 6p

op 3p
05 = 5@1 - 5@2—@3 = - {2J - {QJ = —4p

op 3p
06 = 0gy +0Q,-Q; = {QJ + {2J =-p

Denote the above generated with lags as shifted by a factor of §; ®(S;) for i = 1,2,3,4,5,6 for
the sake of notation simplicity. Consider two arrays, ®(S;) and ®(S;) for i = 1,2, or 3, j = 4,5,

—17p
2
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or 6, The difference array of ®(S;) and ®(S;) is a 6-order difference co-array because ®(S;) and
®(S;) each contains one element with a minus sign and two elements with plus signs. Since the
positions of all the sensors in ®(S;) are multiples of p and the positions of all the sensors in ®(S;)
are multiples of ¢, ®(S;) U ®(S;) is a shifted coprime array.

Denote ®cp(A,B) as the lags of a coprime array generated by two subarrays, A and B which are
shifted by factors of 4, and d;,. The key approach is to shift §, to L%J using Lemma 2. Then, if the

lags from the §, component cover an extended range, apply Lemma 3 to yield the result.

B(S1,~81) = p(~NiNoNs + | 2|, ~NyNs Ny — 6p)

= ®op(~NiNzNs + | 1|, —NuNs No - 8p)
B(S1, —S5) = Bep(—NiNaN; + % ,—dp)

= ®cp(—N1Na N3 + gJ , —6p)
B(51,~86) = Bep(~NiNoNs + | | )

= Pop(~NiNaNs + | 3 |, ~3p)
B(Sy, —S4) = Bop( g] , —N4N5Ng — 6p)

= Ocop( __2(]-‘ , —N4yN5Ng — Tp)
®(52.~55) = wcr([ 1] ~ap) = 2or(| 5| -50)
(S0, —8s) = Cer([ 5], —p) = Ter [ﬂ ,~2p)
B(S3, —S4) = epl %q , —N;N5Ng — 6p)
B(Ss, —S5) = Bepl %q , —dp)
®(S3, —S6) = Pcop( —7q ,—D)

Since p < N1NoN3 and g < NyN5Ng, the nine lags above can be spliced together to form an
extended coprime array. The lags generate by all nine arrays is contained in the lags generated by
AU B, where

—q —q q
A ] 2 e
{mipd | nq {2J {QJ—F 2}
B = {naqd | ny = —9p,-9p +1,...,0}
By Lemma 3, Therefore, the number of total positive lags generated by AU B is

BAUB) = {u0<u< [T}
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. Therefore,

17
Mr?zaz = \‘2qu

IN

17
{2N1N2N3N4N5N6J

The equality is reached if and only if p = N1 NoN3, ¢ = N4N5Ng.
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