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Part I = Orbitsof GonV x G/B x G/Bin type A

» V = C", n-dimensional complex vector space
» G =GL, (C), the general linear group (invertible matrices)
> (e, €y .vr €,) is a fixed basis of V

» Notation for permutations: w sends 123... to w;w,w;...
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Definitions

» Flag:{0 € <v;> C <v|,v,> C...C <v,..,v,> C V}

» B = Borel subgroup of G, consists of invertible upper
triangular matrices, the stabilizer of the complete flag
{0 C <e;> C<epe,>Cl.C<eyy e, >}

Ay Ay Ay A A
0 Ay Ay Ay Ay
A=10 0 Ay Ay A
0 0 0 A, A
| 0 0 0 0 A

» G/B = complete flag variety {0 Cc V, Cc V, C ... C Vn_lﬁﬂ}




Preliminary: Orbits of B on G/B (Bruhat decomposition)

» Orbit representatives: F_ (w is a permutation)
> (e, ...r €,) is a fixed basis of V
»F,={0C<e, > C<e, j,¢,,>C..CV}

»e.g. {<e,> C <ey, e> C <e,, €, €;>} represents n = 3, w: 123 >
213

» Each F_ lies in a different orbit
» Each F € G/B is in the same B-orbit as some F



Preliminary: Orbits of G on G/B x G/B

» Same as orbits of B on G/B (group-theoretic result)
» Orbit representatives: (F,, F,)
»F,={0C<e, > C<e, ,¢,,>C..CV}

»F.={0C<e;>C<epe,>C..C<epyon e, >}
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Orbitsof Gon V x G/B x G/B

Proposition 1. Each of the following elements of
V x G /B x G/ B is a representative of a unique or-
bit of G on V x G /B x G /B, and together they rep-
resent all such orbits: (v, F,, F,,), where w spans
all permutations on n letters and v represents any
> scs, €s such that sy C {1,2, ..., n}and if w;, w; €
sp, then i < j <> w; > w; (i.e. the elements of s,
appear in descending order in w;wows...).




Orbitsof Gon V x G/B x G/B

» Any (v, F|, F,) €V x G/B x G/B is in the same orbit as some
(v, E,E,)
» The orbits of G on V are the orbits of Gon V x G/B x G/B
» n=4;letw: 1234 > 1342, and let G stabilize (F,, F).
F.={0C (e1) C (e1,e2
F,, = {0 C {e1) C (e1.e3
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C (e1.,e2,e3) C V}
C (E],E;;,Eq) - V}
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Orbitsof Gon V x G/B x G/B

» Example: n = 4, w can be any permutation

» If w: 1234 > 1342, then possible s, are @, {1}, {2}, {3}, 14},
{3,2}, {4,2} (s, must be descending subset of w,w,w,w,)

S}, v Orbit

%] 0 0

{1} €1 {e1)\0

{2} €2 (e1,e2)\(e1)

{3} €3 (e1,e3)\{e1)

{4} €4 (e1,e3,e4)\(e1,€3)
{2,3} | e2+ ey (e1,e2,e3)\((e1, e2) U (€1, €3))
{2,4} | e2 +eq

(El y €2, €3, E4>\(<El . €9, 'EE> ) {El . €3, Ezm/,/




Part II - Orbits of K on G/P in type A

» K = Sp,,(C), the symplectic group
» P = a parabolic subgroup of G (stabilizer of a partial flag)
» G/P = a partial flag variety, {0 C V, | €V, ,c..cV, cV}




Orbits of Kon'V x G/P
» Symplectic form (V x V> C)

> w(v, w) = v,wy, + v,w; — vaw, — v,w, (in 2n = 4)
» Properties:
» Bilinear: w(A vy + A,v,, W) =& (v, W) + A, w(vy, W)
ra(v, \ywy + Lw,) =h o(v, wy) + 4, o(v, w,)
» w(v, w) = —w(w, v) (skew-symmetric)
» w(v, v) = 0 (totally isotropic)

» If w(v, w) = 0 for all w, then v = 0 (nondegenerate)
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Orbitsof KonV x G/P

» Perpendicularity: v L wiff w(v,w) =0
» For the unit vectors, ¢; not perp. to ¢, «>i+j =2n+1
> e, ey) =1, w(e,, e5) =1

> w(e, ej) = 0 for all otheri <j




Orbitsof KonV x G/P

» Symplectic matrix: preserves the symplectic form
> w(kv, kw) = w(v, w)

» A matrix k is symplectic iff w(k;, k;) = w(e;, ¢;) forall (i, j)
(where k; is the it" column of k)

21 1 0
1 4 6 -1
1 7 11 -2
3 0-11




Orbitsof KonV x G/P

» Technique

» Same idea as orbits of G on V x G/B x G/B
» Take a representative of each orbit of G/P
» Find the stabilizer G, in G
»K =G.NK
» Determine orbits of K_on V

» Example:
» G/P={0CV,CV,cV}with2n=4




Orbits of Kon'V x G/P where G/P={0CV,CV,CV} o

» G/P={0c<v;>C<v,v,>CV}and2n=4
» Two orbits of K on G/P

» v, perpendicular to v, — choose to stabilize {<e;> C <e, e,>}

» v, not perpendicular to v, — choose to stabilize {<e;> C <e, e,>}




Orbits of Kon'V x G/P where G/P={0CV,C VZCV}‘

» Perpendicular case — stabilizing {<e,> C <e|, e,>}
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e () is its own orbit

® K].El = (f’l}\\ﬂ
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e1,e2)\(e1)
e1,e2,e3)\(e1,€2)

€1, €2,€3, 64}\{515523 '53}




Orbits of Kon'V x G/P where G/P={0CV,CV,CV }

» Nonperpendicular case — stabilizing {<e,> C <e|, ¢,>}

1 * % %
10 % % 0 _
G.= |0 F T E.=G.nK
_D * ok x|

e () is its own orbit

o Kyep = (El}\ﬂ

o Kyey = (er,eq)\(e1)
o Kyey = (e2,e3)\0

o Ky.(eg +ez) = (81:"32:83}\((El> U (€2, €3))

o Ky.(ez+ey) = (e1,€e2,e3,€4)\((€1,€4) U (€1, €2,€3))



Orbits of Kon'V x G/P where G/P={0CV,CV}

» K = Sp,_acts on G/P transitively (with one orbit)
» K is stabilizer of a point in G/P
» Orbits of K _on V:

e ()

e (e1)\0

e {e1,...,e2,-1)\(€1)

* <E].'.I teey EER}\{EI: wery Eﬂn—l}




Orbits of Kon'V x G/P where G/P={0 CV,C V|
» Two orbits of K on G/P

» Perpendicular case: stabilizing <e|, ¢,>
» Nonperpendicular case: stabilizing <e,, e, >

» Orbits of K, on V in each case:

e () e ()
. {El,ﬁg)\ﬂ . {El,ﬁgn}\ﬂ
® (€1,...,€2, 2)\(€1,€2) e (€2,....e2,-1)\0

o (e1,....ea,)0\ (€1, ..., €2, _2) o (e1,....ea,)\((e1, €2,) U (€2,




Orbitsof KonV x G/P

» General problem: K-orbits on V x G/P for general G/P
> K — SPZn(C)
»G/P={0cCcV, cV,c.cV cV}
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