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Background

Definition (Braid group Bs)
The Artin braid group on 3 strands is

B; := (01,02 | 010201 = 020102).
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Background

Definition (Braid group Bs)
The Artin braid group on 3 strands is

B; := (01,02 | 010201 = 020102).

Let us denote by p a homomorphism that is defined as
P B3 — 537
where S; is a symmetric group on a set of 3 elements and

p(o1) :=(12),  p(o2) := (23).
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Background

Definition (Braid group Bs)
The Artin braid group on 3 strands is

B; := (01,02 | 010201 = 020102).

Let us denote by p a homomorphism that is defined as
P B3 — 837
where S; is a symmetric group on a set of 3 elements and

p(o1) :=(12),  p(o2) := (23).

Definition (Pure braid group PB;3)
Pure braid group PBs is the kernel of p:

PB; := ker(p).
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Background

Definition (NFI)

For N <¢; G the sets NFI(G) and NFiy(G) are defined as
NFI(G) := {H|H<;; G}, NFIN(G):={H|HCN,H<y, G}.
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Background

Definition (NFI)

For N <¢; G the sets NFI(G) and NFiy(G) are defined as
NFI(G) := {H|H<;; G}, NFIN(G):={H|HCN,H<y, G}.

Let us denote xi2 := 02, xo3 := 03, € := (0102)>.
It can be shown that < xq2, Xo3 >2 F», so we will identify F> with
< Xq2, Xo3 >. Itis known that PB; = F, x (c).
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Background

Definition (NFI)

For N <¢; G the sets NFI(G) and NFiy(G) are defined as
NFI(G) := {H|H<;; G}, NFIN(G):={H|HCN,H<y, G}.

Let us denote xi2 := 02, xo3 := 03, € := (0102)>.
It can be shown that < xq2, Xo3 >2 F», so we will identify F> with
< Xq2, Xo3 >. Itis known that PB; = F, x (c).

Definition (Norg @and NE,)

Let N € NFlpg,(Bs) and let
Norg := lem(ord(x12N), ord(x23N), ord(cN)),

N|:2 =NnFs.
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Background

Definition (GT-pair with the target N)
A GT-pair with the target N is a pair

(m+ NorgZ, fNEg,) € Z/NorgZ x Fo/NE,
satisfying hexagon relations:
gEMf1G2M N = 1y oax;,"c™N
and
f1o5™M {2 IN = o0y Xpg "¢ N.

By writing [m, f], we will mean the GT-pair represented by (m, f).

We will motivate the hexagon relations by the fact that if they are satisfied for a GT-pair
[m, f], then T, ;, the map that is described on the next slide, is a homomorphism.
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Background

Proposition
For every GT-pair with the target N, [m, f], the formulas

Tm(o1) = 2™ N, Tpf(o2) = F1a3™ TN

define a group homomorphism from Bz to B3 /N.
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Background

Proposition
For every GT-pair with the target N, [m, f], the formulas

Tm(o1) = 2™ N, Tpf(o2) = F1a3™ TN

define a group homomorphism from Bz to B3 /N.

Definition (GT-shadow with the target N)

A GT-pair [m, f] is called a GT-shadow with the target N if it satisfies
two technical conditions and if the homomorphism T, ¢ is surjective.
The set of GT-shadows with the target N is denoted by GT(N).
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Background

Proposition (Groupoid GTSh)

GT-shadows form a groupoid GTSh with Ob(GTSh) := NFlpg,(B3) and
GTSh(K,N) := {[m, f] € GT(N)| ker(Tms) = K}.
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Background

Proposition (Groupoid GTSh)

GT-shadows form a groupoid GTSh with Ob(GTSh) := NFlpg,(B3) and
GTSh(K,N) := {[m, f] € GT(N)| ker(Tms) = K}.

Let Emyf : Fg — Fg,

Emi(x12) == X5, Emy(xes) := 1 xGI'f.

Ivan B. and Vadym P. Dihedral Poset and GT-Shadows 6/14



Background

Proposition (Groupoid GTSh)

GT-shadows form a groupoid GTSh with Ob(GTSh) := NFlpg,(B3) and
GTSh(K,N) := {[m, f] € GT(N)| ker(Tms) = K}.

Let Emyf : Fg — Fg,
Em7f(X12) = X122m+1, Em’f(XZS) = I‘:_‘]X22én—"_1 f.
Then composition of morphisms in GTSh is defined like this:

[m1, f1] o [m2, fg] = [2m1 mo + my + mo, fi Em1,f1 (fg)]
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Background

Let us denote D, := (r,s | r",s?, srsr),n € Z-3 the standard dihedral
group and v, the homomorphism PB3 —; D2, which is defined by
formulas:

Yn(Xx12) == (r,8,8), Yn(xe3) :=(rs,r,rs), wn(c) :=(1,1,1).
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formulas:
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Also we define K(") := ker(«,) and K,(:';) = KM N Fy.
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Background

Let us denote D, := (r,s | r",s?, srsr),n € Z-3 the standard dihedral

group and v, the homomorphism PB3 —; D2, which is defined by
formulas:

Yn(Xx12) == (r,8,8), Yn(xe3) :=(rs,r,rs), wn(c) :=(1,1,1).

Also we define K(") := ker(«,) and K,(:';) = KM N Fy.
It can be shown that K" <1 Bs, and thus Dih := {K(" | n€ Z>3} is a
subposet of NFlpg,(B3). We call Dih the dihedral poset.
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Background

Let us denote D, := (r,s | r",s?, srsr),n € Z-3 the standard dihedral

group and v, the homomorphism PB3 —; D2, which is defined by
formulas:

Yn(Xx12) == (r,8,8), Yn(xe3) :=(rs,r,rs), wn(c) :=(1,1,1).

Also we define K(") := ker(«,) and K,(:';) = KM N Fy.

It can be shown that K" <1 Bs, and thus Dih := {K(" | n€ Z>3} is a
subposet of NFlpg,(B3). We call Dih the dihedral poset.
Note that K'7) = lem(n, 2).
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@ We have explicitly described the set GT(K(") of GT-shadows with
the target K("). If

Xp:={m:me{0,1,... K -1} | ged@m+1,KD) =1};

s Nord » T lord
(m) m+1, if2+tm,
i =
—m, if2| m;

then

GT(K™) = {(m, (r?%, r=2k (™)) | m € Xp, k = AM) o 2}.
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@ We have explicitly described the set GT(K(") of GT-shadows with
the target K("). If

Xp:={m:me{0,1,... K -1} | ged@m+1,KD) =1};

» T lord » T lord

(m) m+1, if2+tm,
V4 =
—m, if2| m;

then

GT(K™) = {(m, (r?%, r=2k (™)) | m € Xp, k = %(Zm) mod 2}.

@ We have shown that K(" is an isolated object of the groupoid
GTSh for every n € Z>3 (i.e., for H # K, H £ K(M),
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@ We have shown that

K@ c K" «— n|lem(q,2).
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@ We have shown that

K@ c K" «— n|lem(q,2).

@ We have shown that if n,q € Z>3 and K@ < K("), then the natural
reduction map

R ko - GT(K@D) — GT(K")

is surjective.
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Future Plans

@ Since K(" is an isolated object of GTSh, GT(K(") is a group. We
would like to describe this group.
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@ Since K(" is an isolated object of GTSh, GT(K(") is a group. We
would like to describe this group.

@ We would like to find the limit of the functor from Dih to the
category of the finite groups.
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Future Plans

@ Since K(" is an isolated object of GTSh, GT(K(") is a group. We
would like to describe this group.

@ We would like to find the limit of the functor from Dih to the
category of the finite groups.
On the level of objects, the functor operates like this:

K — GT(KM).
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Future Plans

@ Since K(" is an isolated object of GTSh, GT(K(") is a group. We
would like to describe this group.

@ We would like to find the limit of the functor from Dih to the
category of the finite groups.
On the level of objects, the functor operates like this:

K — GT(KM).

On the level of morphisms, the functor sends the natural
morphism K@) — K(") to the reduction homomorphism
Ry ko GT(K®) — GT(KM).
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Ihara embedding __

Gal(Q/Q) GT -~~~ > GT x NFlpg,(Bs)
g |e€ Ga/(E/Q)J(surjective) (possibly not surjective)l
Gal(E/Q) Mor(GTSh)

action
action

Dessins d’enfant (Child’s drawings)

Gal(Q/Q) = Aut(Q), GT CcZx F,
Gal(E/Q) = Aut(E), E/Q.
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THANK YOU!
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