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Labeled Trees

Let 7}, be the number of trees on n labeled vertices.

Example
Consider n = 3:

We thus have T3 = 3.
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Theorem (Cayley)

T,=n""2 forallneN

This talk: Another proof of this theorem!
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Labeled Forest

Generalization of 7),:

Let 7}, be the number of forest where

» 1 is the number of labeled vertices,

» and vertices 1, ...,k all belong to different trees.
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In particular, T,, =T, ;.
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Proof Structure

Step A: Show for n € N and k& < n:

nk mn—k
Top = > ( . )Tn—l,(k—l)—l-z‘

1=0

Step B: Show for n € N and k£ < n:
ka — k’nn_k_l

Step C: Deduce Caley's formula.



Step A

n—Fk
Lemma T, = > (n_-k)Tn—l,(k—l)+i forallneNand k <n
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Step A

3 )Tn_l’(k_l)ﬂ- forallneNand k <n

n—k

Lemma T, = > ( ;
i=0

1=

(1) Case distinction on the number
i € {0,n — k} of neighbors of the

vertex 1.
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Lemma T, ; = nfb (";k)Tn_l,(k_l)H forallne Nand £k <n
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i € {0,n — k} of neighbors of the
vertex 1.

(2) There are (”;k) options to label the
1 neighbors.




Step A

Lemma T, ; = ni (n_-k)Tn—l,(k—l)+i forallne Nand £k <n

i=0 N °

(1) Case distinction on the number
i € {0,n — k} of neighbors of the 2 k

vertex 1. *e
(2) There are (”;k) options to label the

¢ neighbors. n ) nl
(3) Without 1 the rest of the forest

consists of ¢ + k — 1 labeled trees.
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Step B

Lemma T, = kn" " forallneNand k <n

Proof by Induction on n:
Base n = 1:

Ti,=1=1-1"1"1
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Step B: Induction Step

Stepn—1—n:
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Step A n—k
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(*) Z;nzo f) = Z?Lo f(m —j)



Step B: Induction Step

Stepn—1—n: (*) Z}”:of(J)ZZT:of(m—J)
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Step B: Induction Step

Stepn—1—n: (*) o f(7) = X f(m = j)
n—=k
Step A n—=~k
Tk = ( . )Tn1,(k1)+¢
i=0 v
n—k n—k
= T’I’L— — n—=k)—1 — . Tn— n—i—
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Step B: Induction Step

Stepn—1— n: (*) XiLo f(4) = XiLo f(m — j)
n—=k
Step A n—=k
Tk = ( . )Tnl,(kl)Jri
i=0 ¢
n—k n—k
* n—=k n—k
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Step B: Simplify (2)
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Step B: Simplify (2)




Step B: Simplify (2)
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Step B: Induction Step

Stepn—1—n:
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Step B: Induction Step

Stepn—1—n:
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Step B: Induction Step

Stepn—1—n:
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Step C: Caley’s formula

Lemma T, =n"2foralln e N

Proof:

Step B _1_ _9
Tn — Tn,l i 1nn 1-1 _ nn



