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Representations of Chevalley groups

G reductive group

Problem

Classify irreducible representations of G pFqq, compute characters

Strategy

Parabolic induction e.g. Borel B Ă G , Levi quotient H “ B{U

Reps and chars: HpFqq
inflate
ùùùùñ BpFqq

induce
ùùùùñ G pFqq

Problem

Decompose Ind
GpFqq

BpFqq
C and characters
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Character sheaves

Idea: categorify characters and parabolic induction

FunpG{G q ù ShpG{G q

To get geometry: k “ C or k “ Fq

Parabolic induction

G{G B{B H{H
µ ν

Fq Ă k “ Fq, then X {Fq  Fr ñ X {k

Fr-equivariant sheaf F  trpFr˚,Fxq P FunpX
Frq “ FunpX pFqqq

Functorial: recover character of Ind
GpFqq

BpFqq
pCq, decomposition
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Springer theory

Parabolic induction

N {G n{B “ rN {G t0u{H
µ ν

Springer resolution: µ : rN “ G ˆB nÑ N
pg , nq ÞÑ gng´1, pgb, nq „ pg , b´1nbq

rN » tpx ,Bq P N ˆ B | x P Bu

Definition

Springer sheaf defined to be parabolic induction

S :“ µ˚ν
˚Ct0u “ µ˚C

ĂN P PervG pN q

Historical precursor to character sheaves

Characters of unipotent reps (inside RG
T p1q) determined on N pFqq
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(Categorical) Springer theory

Theorem (Borho, MacPherson)

There is an isomorphism of algebras

EndPervG pN qpSq » kW , S “
À

χ Lχ b ICχ

In particular, since PervG pN q is semisimple, identify Springer block

kW´mod » xSy Ă PervG pN q.

Unipotent principal series ReppG pFqq,BpFqqq governed by finite Hecke

algebra

Hfin
q :“ HpG pFqq,BpFqqq “ EndGpFqqpInd

GpFqq

BpFqq
kq

Theorem (Tits, Benson, Curtis, Lusztig): Hfin
q » kW
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Affine Springer theory

F non-arch. local field (e.g. Fqpptqq,Qp)

O Ă F ring of integers (e.g. Fqrrtss,Zp)

Study RepsmpG pF qq Notation: G pF q “ GF

Iwahori I “ BFq ˆGFq
GO , e.g.

¨

˚

˝

O O O

tO O O

tO tO O

˛

‹

‚

Affine character sheaves (Bezrukavnikov, Kazhdan, Varshavsky ’18):

categorifications of functions/distributions on GF {GF , identifies

categorical center of RepsmpGF q

Affine Springer theory (Bouthier, Kazhdan, Varshavsky ’20): perverse

sheaves, intersection cohomology, affine Springer sheaf with

End » kĂW aff
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Langlands duality

Local Langlands conj.: a surjection (“automorphic” vs. “spectral”)

IrrpGF q“ Ø ” HomgrppWDF ,G
_pCqq (Langlands parameters)

Deligne-Langlands

IrrpGF , I q“ Ø ”tps, nq P G_,sspCq ˆ G_,upCq | sns´1 “ nqu

Bezrukavnikov’s Langlands dual affine Hecke categories

DpI zGF {I q » CohG_p rN ˆR
g_

rN q

Affine Springer theory

S P PervGF pgnil
F q ÐÑ???

Future: Study relationship
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Warning

Warning: G_ is now G

k “ C
Assume: (spectral) G split, simply connected
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Derived algebraic geometry

Replace rings with differential-graded rings (ring objects in the

category of chain complexes) up to quasi-isomorphism

Derived fiber product of schemes X ˆR
S Y computed by semi-free

resolutions (analogue of free resolution)

Derived (Artin stacks), etc...

Example: if G “ T is a torus, then derived Steinberg:

t0u ˆR
t t0u “ tr´1s “ Spec Symk t

˚r1s

records Tor‚krtspk , kq

CohT pt0u ˆt t0uq » Symk t
˚r1s-modb ReppT q

Automorphic side:

DpT_O zT
_
F {T

_
O q “ DpT_O zX‚pT

_qq » DpBT_k q b DpX ‚pT qq
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Derived free loop space

Recall: inertia stack IX pRq “ tx P X pRq, α P AutX pRqpxqu.

Definition

The derived loop space or derived inertia stack:

LX :“ MapDStpS
1,X q “ MapDStpD

1
ž

S0

D1,X q » X ˆR
XˆX X .

Global quotient stack X {G , “derived universal stabilizer” (or “derived

universal fixed points”)

LpX {G q pX ˆ G q{G

X {G pX ˆ X q{G

LpX {G qpCq “ tpx , gq P X pCq ˆ G pCq | g ¨ x “ xu{G pCq
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Examples of derived loop spaces

Observation: Stacks on spectral side of Langlands are often derived loop

spaces

X scheme, then LX “ TX r´1s “ SpecX SymX Ω1
X r1s by HKR

LpBG q “ Lp˚{G q “ G{G

derived commuting stack: LpG{G q « tpg , hq P G ˆ G | gh “ hgu{G

Grothendieck-Springer resolution:

LpBBq “ LpGzG{Bq “ tpg , xBq P G ˆ G{B | gxB “ xBu

“ tpg ,Bq P G ˆ B | g P Bu “ rG{G

(group) Steinberg stack: LpBzG{Bq “ LpG{B ˆ G{B

G
q “

rG ˆG
rG

G
(Deligne-)Langlands parameters:

LpN {pG ˆGmqq “ tpg , q, nq P G ˆGm ˆN | gng´1 “ qnu{G
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Coherent Springer sheaf

Notation: For a group K , let K` “ K ˆGm.

Definition

LqpN {G`q :“ LpN {G`q ˆGmˆBGm tqu

Parabolic induction

LpN {G`q Lp rN {G`q “ Lpn{B`q Lpt0u{H`q
Lµ Lν

Definition (Coherent Springer sheaf)

S :“ Lµ˚Lν˚OLpt0u{H`q “ Lµ˚OLpĂN {G`q P D CohpLpN {G`qq

Sq :“ Lqµ˚Lqν
˚OLqpt0u{H`q “ Lqµ˚OLqpĂN {G`q P D CohpLqpN {G`qq
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Coherent Springer theory

Iwahori-Hecke algebra: Haff
q “ HpGF , I q governs ReppGF , I q

Affine Hecke algebra: assemble into an algebraic family Haff in q

Theorem (Ben-Zvi, -, Helm, Nadler)

Assume q ‰ 1. There are isomorphisms of dg algebras

R EndLpN {G`qpSq » Haff , R EndLqpN {G`qpSqq » Haff
q

In particular,

Dperf pHaff -modq » xSy Ă D CohpLpN {G`qq,
Dperf pHaff

q -modq » xSqy Ă D CohpLqpN {G`qq.

When q “ 1, get kW aff bk Symkphr´1s ‘ hr´2sq
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Current progress

Eugen Hellmann: On the derived category of the Iwahori-Hecke

algebra (Conjecture 3.2)

Tamir Hemo and Xinwen Zhu: forthcoming work
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Outline of argument

Definition

derived Steinberg Z :“ rN ˆg
rN “ tpx ,B,B 1q P N ˆ B ˆ B | x P B 1 X Bu

affine Hecke category Haff :“ CohpZ{G q
mixed affine Hecke category Haff

m :“ CohpZ{G`q

Deligne-Langlands (KL ’87) new features

K0pH
aff
m q » Haff HHpHaff

m q » Haff

» ωpLpZ{G`qq

localization K0pH
aff
m qa » HBM

‚ pZaq
localization of loop spaces

LapZ{G`q » LpZa
˝q

sheaf theory

HBM
‚ pZaq » Ext‚pµa

˚CĂN aq

ωpLpZ{G`qq » Ext‚pLµ˚OLpĂN {G`qq

D ´ Ω Koszul duality
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Hochschild homology as a trace

U symmetric monoidal 8-category (U “ dgCatcont)

Definition

X P U dualizable if there is X_ with coevaluation η : 1 Ñ X_ b X ,

evaluation ε : X_ b X Ñ 1 satisfying identities

Definition

For f : X Ñ X , the trace is

trpX , f q “ ε ˝ pf b 1q ˝ η P EndUp1q, dimpX q “ trpX , idX q

Dual is unique up to unique isomorphism, so trace is independent of

choices.

Toy example: U “ Vect recovers usual trace of matrices
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Trace of dg categories

U “ dgCatcont

cocomplete dg categories, functors commuting with colimits, Lurie b

1 “ Vect Endcont
dgCatpVectq “ Vect

Every compactly generated dg category is dualizable (Yoneda pairing)

Definition

The Hochschild homology of a dg category C, F : C Ñ C

HHpC,F q :“ trpC,F q HHpCq “ trpC, idq.

Functorial for (continuous) functors preserving compact objects

Consequence: A,F monoidal, 1A P A compact, ˝ : Ab A Ñ A preserves

compactness

ñ HHpA,F q is an algebra
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Algebraic model: dg Morita theory

HHpA -modq “ HHpAq “ AbL
AbAop A

Categorical invariant:

If X is a compact generator of C, then HHpCq “ HHpEnd‚CpX qq

Map from K -theory spectrum K‚pCq Ñ HH‚pCq

Factors through K0pCq if HH‚pCq coconnective

HH takes semiorthogonal decompositions to
À

Theorem (Ben-Zvi, -, Helm, Nadler)

For q ‰ 1, we have equivalences:

Haff » K0pH
aff
m q Ñ HHpHaff

m q

Haff
q » K0pH

aff
m q bkrz,z´1s kq Ñ HHpHaff , q˚q.
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Sketch of argument

Theorem (Bezrukavnikov)

F “ Fqpptqq, I Ă G_F Iwahori subgroup

Haff “ CohpZ{G q » DpI zG_F {I q

intertwining q˚ with Fr˚

Stratification by I -orbits on G_pF q{I  semiorthog. decomp. of Haff

Lift to a semi-orthogonal decomposition of Haff
m

HH coconnective on each summand

K0 Ñ HH is isomorphism on each summand
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Geometric model: functions on loop spaces

Let X be a perfect stack over k

C “ QCohpX q C_ “ QCohpX q

Theorem (Ben-Zvi, Francis, Nadler)

Let X be a perfect stack. There is a monoidal equivalence

QCohpX q b QCohpX q » QCohpX ˆ X q » FunL
kpQCohpX q,QCohpX qq

by integral kernels: FKp´q “ Rp2˚pK bL p˚1 p´qq

Similar for IndCoh, !-transforms
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Geometric model: functions on loop spaces

LX

X X

pt X ˆ X pt

p ∆ ∆ p

Coevaluation: ∆˚p
˚k “ ∆˚OX Evaluation: p˚∆˚p´q

Derived base change:

HHpQCohpX qq “ OpLX q

HHpIndCohpX qq “ ωpLX q
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Example: QCohpP1q

Probe HH0 using map from K0

Geometry: Use HKR

K0pCohpP1qq Ñ HH0pQCohpP1qq “ H0pP1,Oq
À

H1pP1,Ω1q “ k2

k Ñ ΓpX ,EndOX
pEqq » ΓpX ,∆˚pE_ b Eqq Ñ ΓpX ,∆˚∆˚OX q “ OpLX q

rOpnqs ÞÑ p1,´nq

Algebra: Choose generators Op´1q,O

K0pCohpP1qq Ñ HompOp´1q,Op´1qq
À

HompO,Oq “ k2

Op´1q ÞÑ p1, 0q, O ÞÑ p0, 1q

rOpnqs ÞÑ pχpLp1qq, χpLqq “ p´n, n ` 1q
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Convolution categories

Set-up: X ,Y smooth geometric stacks, and f : X Ñ Y proper. Let

Z “ X ˆY X .

Example: Haff
m “ CohG`p rN ˆg

rN q

What is convolution algebra structure on ωpLpX ˆY X qq?

HomLpXˆY X qpOLpXˆY X q, ωLpXˆY X qq » HomLX pOLX , p˚p
!ωLX q

» HomLX pOLX , f
!f˚ωLX q » HomLY pf˚OLX , f˚ωLX q » EndLY pf˚OLX q

Since X smooth, OLX » ωLX (derived Calabi-Yau)
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Hochschild homology of convolution categories

Proposition

We have an equivalence of algebras

HHpCohpX ˆY X qq » EndLY pLf˚OLX q.

Uses theory of higher traces by Gaitsgory, Kazhdan, Rozenblyum,

Varshavsky

Lemma

The category IndCohpX ˆY X q is monoidal under convolution, and it is

rigid (compact objects have compact left and right duals).
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Coherent Springer theory

Theorem (Ben-Zvi, -, Helm, Nadler)

There is an isomorphism of dg algebras

R EndLpN {G`qpSq » HHpHaff
m q » K0pH

aff
m q » Haff .

In particular,

DpHaff -modq » xSy Ă IndCohpLpN {G`qq

Theorem (Ben-Zvi, -, Helm, Nadler)

For q ‰ 1,

R EndLqpN {G`qpSqq » HHpHaff , q˚q » Haff
q

DpRepsmpGF , I qq » DpHaff
q -modq » xSqy Ă IndCohpLqpN {G`qq.
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Case G “ GLn

Definition

Stack of Langlands parameters XF ,GLn : pairs ρ : WF Ñ GLnpCq and

N P N Ă g such that AdρpFrn σqpNq “ qnN for σ P IF

XF ,GLn “
š

ν X
ν
F ,GLn

where ν is a “type” (i.e. ρ|IF up to conjugation)

Example: X 1
F ,GLn

“ LqpN {GLn,`q

Theorem (Ben-Zvi, -, Helm, Nadler)

There is an embedding

DpRepsmpGLn,F qq ãÑ IndCohpXF ,GLnq.

Conjecture: it is an equivalence
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Equivariant localization

Deligne-Langlands (Kazhdan, Lusztig): classify IrrpHaff q

K0pZ{G`q bK0pBG`q Ca » HBM
‚ pZaq

Observation: LpX {G q Ñ G{G , classical fiber over g P G is X g

Theorem (Equivariant localization for loop spaces)

z P G semisimple in reductive, and X as below. There is an equivalence

pLzpX {G q » pLpX z
˝ {G

zq.

Informally, near semisimple z P LpBG q, the loop space LpX {G q looks like

the loop space of the z-fixed points.

If X is smooth, then X z
˝ “ π0pX

zq (smooth)

If X “ Y ˆS W for Y , S ,W smooth, then

X z
˝ “ π0pY

zq ˆπ0pSz q π0pW
zq (derived lci or quasismooth)
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Koszul duality for loop spaces

Localization for loop spaces  “sheafy” localization formula for HH

Connection to perverse sheaves by D ´ Ω Koszul duality

Observation: OLX » SymX Ω1
X r1s, ddR encoded by S1-action

Theorem (Koszul duality for loop spaces)

Assume X is smooth. There is an equivalence

KPerfp pLpX {G qqS1¸Gm » FDcohpX {G q

between a certain S1-equivariant small subcategory of IndCohp pLpX {G qq
and the (derived) category of coherent filtered D-modules on X {G.

Kapranov, Beilinson, Drinfeld, Ben-Zvi, Nadler, Positselski: derived filtered

D-modules equivalent to coderived modules for dg de Rham algebra
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Specialization at parameters

Corollary

Let a P G` be semisimple, and Spaq denote the (weakly equivariant)

a-fixed Springer sheaf with derived endomorphisms Haff paq. There is a

map of dg algebras Haff Ñ Haff paq, and a commuting diagram

DpHaff -modq » xSy IndCohpLpN {G`qq

DpHaff paq -modq » xSpaqy FDw pN a{G a
`q

Future: use this to study t-structures, simple objects, etc.
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Thanks

Thanks!
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