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Abstract

Let (G,G") be a reductive dual pair inside a finite symplectic group. By
restricting the Weil representation to the dual pair, there exists a relation
(called the finite Howe correspondence) between the irreducible representations
of the two groups G, G’. In this talk, we would like to discuss some progress on
the understanding of the correspondence by using Lusztig's classification on the
representations of finite classical groups. In particular, we will focus on the
following three subjects:

m the decomposition of the uniform projection of the Weil character

m the “commutativity” between the Howe correspondence and the Lusztig
correspondence

m the description of the Howe correspondence on unipotent characters in
terms of the symbols by Lusztig.

Shu-Yen Pan, NTHU Howe Correspondence and Lusztig Classification



Table of Contents

Finite Howe Correspondence and Deligne-Lusztig Characters
Finite Howe Correspondence and Lusztig Correspondence

Finite Howe Correspondence on Unipotent Characters

Shu-Yen Pan, NTHU Howe Correspondence and Lusztig Classification



Finite Howe Correspondence and Deligne-Lusztig Characters

Weil characters

fq: a finite field of ¢ elements, ¢ odd

G: a classical group over fy, e.g., GLn, Uy, Sp,,, O5,

m F: G — G, the Frobenius endomorphism, G = G¥" a finite classical group

V(G): the (complex) space of class functions on G with inner product (,)

E(Q): the set of irreducible characters of G, an orthonormal basis for V(G)

WY = wé'/’mN, (the character of) Weil representation of Spyn(g) where ¢ a

nontrivial (additive) character of f,
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Finite Howe Correspondence and Deligne-Lusztig Characters

Dual pair and Howe correspondence

(G, G’) a reductive dual pair, e.g. (GLp,GL,/), (Un,U,/), (Spa,,0%/)

wé’ o Weil character of G x G’ by the homomorphism
G x G — GG = Spy,.,./(q)

wl o € V(G x G'), then
w:sp,c’ = Z My p @ p'
PEE(G),p' €E(G)

where m,, ,» € NU {0} (usually m, ,» =0,1)

the Howe correspondence for (G, G'):
Ocer = {(p,p) EEG) X EWG) | m, » #0}
Oc(p) = {0 €E(G) | (p,0) € Oce}

to understand Og ¢/ means that to find the coordinates of wé’ o With
respect to the orthonormal basis £(G x G')
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Finite Howe Correspondence and Deligne-Lusztig Characters

Deligne-Lusztig virtual characters and Uniform projection

= R%g = R-?*’S the Deligne-Lusztig virtual character of G, 0 € E(T'), s € T
o REE, = 1nd%, (RS

m V(G)* the subspace spanned by all R%YS

m f* the uniform projection of f € V(G), f is uniform if f = f*.
= V(G =V(G) if G=GL,, U,

= V(G)f #V(G) if G = Sp,,, 0%

m 1¢ is uniform if G connected, but
1
th. = s = 3(lor + om0,

not uniform
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Finite Howe Correspondence and Deligne-Lusztig Characters

Decomposition of the Weil character |

m If n’ > n, then

# 1 1 1 1
w [

.- > 2

2n’ 2 |Wk| |WSP2(n k)| |W502(n/_k)| wEW), ST
Span 2n’ .
Z Z RT*XTTU, ®RT*><T* ,(s,1)?

Wg TEW  ~epe
WEWSDy (k) W'E SO 4

m if n” < n, then

n'—1
] 1 1 1 1
W, = -
502,05, = 5 2 > 2
2 2 =0 (Wil |WSP2(n—k)| |WSO2(77. - )| VEW), sET
o
Spo 2n’
> D e e e
WEWSPy (i) ¥ Wsogee,

1 1 1 Sp
4= eR7Pm, ®R i
2 |We,| |WSp2(n n) Z Z Z T5XT (s, 5

'UGW‘, seTy wGWspz(n "™
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Finite Howe Correspondence and Deligne-Lusztig Characters

Decomposition of the Weil character Il
|

f

YSpy,,,0 : (1 ®Xo2n’+1)

€
2n’/+1

min(n,n’)

1 1 1 1
T2 > Wi [Wsp,(,, | IWso 2 2

k=0 2(n’—k>+1| vEW), sET

.
Spay, O%n/41
> > Cwltr S (5,1 @ Brsers | (s,-1)

wGWSPQ(n_ k) w’€Wgo

2(n’ —k)+1
where XOyprq 1 the linear character determined by the spinor norm

m T, the maximal torus corresponding to w € Wg, W,, = W,F LUW,;,
€, = £1 depending on v € Wk

m (GL,,GL,/), (Un,Uy,s), (Spay,, O5,,/) and g >> 0 (Srinivasan 1979)

® (Spy,,05,/41) and g >> 0 (P. 2016)

m without ¢ >> 0 (P. 2021)

Shu-Yen Pan, NTHU Howe Correspondence and Lusztig Classification



Finite Howe Correspondence and Lusztig Correspondence

Lusztig Series

m Lusztig shows that

e = || e@. ver= @ vy
(s)C(G*)° (s)C(G*)0
B E(G)s={p€e&(Q)]| (p,RS ,)c #0 for some T* > s}, a Lusztig series,
m elements in £(G)1 are unipotent
m V(G)s: the subspace spanned by £(G)s.

u
min(n,n’)

w Z
W = .
SPanO;n/ Sp2n 2n”5

1=0 (s)CXy,

where wgpz o, denotes the orthogonal projection of wgpz oc  over
n’ an’’ n’ 2an’
V(SP2n)(s,1) @ V(0%0) (s,1)
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Finite Howe Correspondence and Lusztig Correspondence

Lusztig Correspondence

m Lusztig shows that there exists a bijection
Ls: E(Q)s = E(Ca+(s)1
such that
(0, caR¥= )6 = (La(n), ecq () R0 ) g (o)

m £, called a Lusztig correspondence, can be extended to a vector space
isomorphism £,: V(G)s — V(Ca=(s))1

m £, is not uniquely determined, but £,(p) = £:(p)*

m if s =1, then £(G)1 ~ E(G" )1
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Finite Howe Correspondence and Lusztig Correspondence

Centralizer

m for s, we can define G0, G(=), G™) so that there is a (modified) Lusztig
correspondence

(G x G x Gy x {£1}, if G is odd-orthogonal;

E(GV x G x Gy, otherwise

(1]

s: E(G)s —>{

m G is a product of groups of types GL or U;

’

( ;n(*) ’ O;n(+))7 if G= Ogna
(G, 6™M) = 2 (05, ),8Psn+))s i G =Spy,;
(Sp2n(—) ) San(+) )a if G = O§n+1~
n Es(p) — p(o) ® p(—) ® p(+) or p(o) ® p(—) ® p(+) Re
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Finite Howe Correspondence and Lusztig Correspondence

Weil character under Lusztig correspondence

min(n,n’)

w. =
Sp2y,,05 Sp2nY 2 18

2n/
(s)CXi,

min(n,n’)

_ i
= w
) Z Z szn: S/ 1St + sznvognlﬂw&*)

(s)CXi,

: -(1®xog

w
SP2n:05,,/ 4y 2n/ 41

= # # #
(o051 Whpy, 0 0) = By s ® Be) , ®Wei) gy
) = R ®WG<>G/<)1®RG<+>1

= ¢
S5 1.(-1) (Wpy,, 05, e 60 1

where Rg,1 =Y, ce(q, P © p and RE, = WaT Dwewe R§. | ® R§. 1.
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Finite Howe Correspondence and Lusztig Correspondence

Howe Correspondence and Lusztig Correspondence

Theorem (P.)

Let (G,G') be a finite reductive dual pair. Suppose p € £(G)s, p' € E(G)4r,
and (p, p,) S 6(;7(;/.
Suppose that (G, G') = (Spy,,, 05,,/,) and write
Z.(p) = p© @ p) @ p), B (p) = PO @ p) @ ). Then
a GO ~ G and p©) ~ O
a GO ~ G/ and pl-) ~ (),
= (GD),G'D) forms a dual pair and (pH), P’ M) e Og(+) 6/(+) -
Suppose that (G, G') = (Spy,, 05,/ 1) and write
=) = 0% © ) 09, Z (o xoy,,,) =00 0 ) ),
Then
m GO ~ G0 apnd p®) ~ p/(0),
n (G(*)7 G’(*)) forms a dual pair and (p(*)),p’(*)) S 95(4,6’(*)'
m G ~ G'(H) and p(H) ~ p/(H).
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Finite Howe Correspondence and Lusztig Correspondence

Example

m Sp,,(q), n > 1, has two irreducible characters x1, x2 of dimension qn;'l

m both are in £(G); such that GV = Uy, G~ = OF, and G*) = Sp,, and
Eso{xnxet—~{1®1®1,1®sgn®1}

m if (G,G’) = (Sp,,,, 05,./), the correspondences of x1, x2 can be reduced to
the correspondence of 1 for (Spy, O5,,/_,,)), in particular, both x1, X2
occur only if n’ >n

m if (G,G’) = (Sp,,, O5,/41), the correspondences of x1, x2 can be reduced
to the correspondences of 1 = P(n): 581 = p(oy for (O3 ,Sp,,,/), in
particular, one of x1, x2 occurs if n’ > 0, and the other occurs only if
n' >n
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Finite Howe Correspondence and Lusztig Correspondence

Some Remarks

m Howe correspondence is compatible with the Lusztig correspondence, and
so general Howe correspondence can be reduced to the correspondence on
unipotent characters

m for (GLy, GL,/) or (Un,U,), (Aubert-Michel-Rouquier 1996)

m for (Spy,, O5,/) of (Spap, 0%, 41), We need to recover (p, p’) € Og,ar
from pf ® p'* inside wg o
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Finite Howe Correspondence on Unipotent Characters

Symbols

m a (reduced) symbol is an ordered pair

S S1,82,...,Sk
A: — ) ) )
()= (o)

where S, T are finite subsets of NU {0}, 0 ¢ SNT, (s:), (t;) strictly

decreasing, transpose: A' = (%)

m rank of A is

rk(A) =) s+ t— K%)QJ

m defect of A is def(A) = |S| — |T|
mlet Sp56 = {A|rk(A) =n, def(A) =6}
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Finite Howe Correspondence on Unipotent Characters

Parametrization of Unipotent Characters by Lusztig

m define
Sspon = U Sn,s3
=1 (mod 4)
Sog—n = U Sn,5;
6=0 (mod 4)
Sop, = U S

=2 (mod 4)

m Lusztig shows that there exists a one-to-one correspondence Sg — £(G)1,
A pa
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Finite Howe Correspondence on Unipotent Characters

Symbols and bi-partitions

m partition: X =[] = [A1, A2,..., Ax], As > 0, decreasing, P(n) the set of
all partitions n

m bi-partition m where A,y are partitions

m Po(n) ={ m | |Al + || = n} the set of bi-partitions of n
T S1,82,...,Sk s 81—(k—1),82—(k—2),...78k
N\t te,. .t ti—(l—1),ta—(1—2),....4
gives a bijection

Sns — {7’2(” — (51)(351) i 6 odd;
Pa(n — ( )2) if § even.

N[

in particular, bijections S,,;1 — P2(n) and Sp0 — P2(n)
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Finite Howe Correspondence on Unipotent Characters

E(SPay)1 = Ssp,, =~ Psp,, = || Pa(n —t(t+ 1))
0<t, t(t+1)<n
E(O;rn)l ~ SO;’ ~ PO;’ = P> (’I’L) |_| (PQ (’I’L — t2)1 L Ps (’I’L - tQ)H)

2<t, t even, t2<n

~ P, = | (Pa(n — ) U Pa(n — %))

1<t, t odd, t2<n

S(O;n)l = So;n
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Finite Howe Correspondence on Unipotent Characters

Example: £(Sp4(¢))1

E(Sp4(9))1 | dimension  Ssp,  Psp, cuspidality
bu | 1 ) [
o [R@ ) () ]
0o sale+1)* () []]
012 2 +1) () [3]
b10 2010 (o) [ Yes
os | a0 () [

Psp, = P2(2) UP2(0)
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Finite Howe Correspondence on Unipotent Characters

Example: 5(OZ(Q))1

E(OF (9N ‘ dimension So Po+

X1, X1 - sgn | 1 ©): () 2].[5]

xaxz-sen | @ (1o)> 1) Y] [)]
xs | 2 () ]

POI =P2(2)
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Finite Howe Correspondence on Unipotent Characters

Orthogonal basis for V(G)g

m for an irreducible character x of W,,, define

1 S
R = Y x(w)RM;

| | weWn,
o5 o5
Ry = W] Z X(w)RTj?l
n weWge

where W,, = W,F LW,
= we define RYP?" for X € 81 ~ Pa(n) ~ E(W,)
m we define RO for 31 € Spo ~ Pa(n) ~ E(W,)
m for ¥ € S,,0, we have R n = eROQ"
m {R™" | X € Sn1 } an orthonormal basis for V(Sp,,,)%;
m {Rg2" | ¥ € Sn0/{%, 2"} } an orthogonal basis for V(

<Ro2n R02n>_{17 Ifz:zta

05 n)‘i such that

2, otherwise.
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Finite Howe Correspondence on Unipotent Characters

Decomposition of W61

min(n,n’)

1
# I Span,
wSp2n,O§n,,l ) Z RIn,k(X) ® RI,L/ & (€0X)
k=0 x€&(Wy)

m L(x) =Indy?,p  (Xx®1),
m L k(e0x) = IndeXw ,_,(ox@1),
meo: E(Wi) — {&1} with kernel W,
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Finite Howe Correspondence on Unipotent Characters

DG G’

i _ 1 Spap O;n’
YSpyn,05, 11 T 5 Ry™" @ Ry

;77., £l
’
(2,3)€Dgp,, 0¢

m T(8) =[] and T(X) =[]

s
= D = {(2) € Sui X Suro | 1< Nyt <A}

Span ’O;—n’

m D 272/)68"71XSn’,O|>\/—\</~’L7>\—\</~’L,}

Sp2na02_n/ = { (

B A< pomeans g1 > A1 > 2 > A2 > -+ where A = [A1, A,...] and
p= [p1, p2, .. ]
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Finite Howe Correspondence on Unipotent Characters

BG.G/

let Bsp,, 0¢ , be the subset of Ssp,, x So¢ , of elements (A, A") such that

WA p=x N, def(A) = —def(A) + 1, if e=+;
A=, NV xp, def(A) = —def(A) — 1, ife=—
where T(A) = [2] and T(A') = Bﬂ
Theorem (P.)
Let (G,G') = (Spy,, 05,/). Then

G G’
S ded=i Y ReRS -,
(AA")EBg o/ (2,5)€Dg o
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Finite Howe Correspondence on Unipotent Characters

Example
Bsp4,o4
Ssoo | C) | G2 | G) () () (i)
Soi 5 1 T e el Y Y Y Y R
(Y I el I 2 oV
G LIV
W Ol v | v v
(To)  [Y] v v
G [ v
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Finite Howe Correspondence on Unipotent Characters

Strategy |
m a symbol Z = (22) of defect 1,0 is special if z1 > 20 > 23 > 24 > -+ -.

m Sz: the set of symbols in Sg with the same entries of a special symbol Z

m for example, if Z = (Qio) € Ssp,, then
Sz =13 ("), (), (27,0)} C Ssp,, then
V(Sp4(a))z = span{p(z1), 20y, P(1,0), p(, + y} € V(SPa(@)
V(Spa(0)) = span{R 24y, R%h), BTty } C V(Spa(a)]
i
m define Dy 7+ = Dg g N (Sz x Sz/)
u define By, = Bg,e' N (Sz x Szv)
m then

o= Y REery

2,2’ (2 X)EDy, 4

> e =Y > e

(AA")EBg o/ 2,2' (A A)EBY,
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Finite Howe Correspondence on Unipotent Characters

Strategy |l
Need to prove
S ded =1 Y RE®RS
(A, A’)EBZ P (E’E/)GDZ,Z’
L} BSZ’Z/ = 0 if and Only if DZ,Z’ = @

o 2t,2t-2,..,0 /o 2t41,26—1
m for Z = (2t71,2t73 1) € SSpyyuyny 4 = ( 2t,2¢—2,. ) € SO;<¢+1)2'

then

Doz ={(5,6°(9)) | £ € Sz, def(S) = 1}
{(A,0°(A) [ A e Sz}
where 0°(A) = A* U (5, ,)
m by Lusztig's result, (pa, RS) is known, so pg\ can be written as a linear
combination of RS
2t,2t—2,. 2t—1,2t—3,...,1
m for Z = (2t 1,2t—3,. ) € SSpyy(s41y and 7' = (2t—2,2t74,...,0) € 8022'
similar
m general cases can be reduced to the two basic cases via isometries of inner
product spaces
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Finite Howe Correspondence on Unipotent Characters

Strategy Il

m need to recover

Z PAR PN =Wz 7/
(AA)EBY
from
G G’
Y. A®di=3 Y,  RI®RL =uwl,
(A, A")EBE (5,2)€Dy 4

z,z'

where wz 7/ is the orthogonal projection of wg g/,1 onto V(G)z @ V(G') z/

m write
Wz, 7' = E MAN PA QD P
AESy, NESy
Wz z = E PA R par

(AADEBS,
where my 4 € NU {0}
m for f € V(G x G'), we have
(£, @z,2) = (£,@ 2) = (fw} 5) = (fwz.z)

Lusztig's theory of “cells’ provides many uniform
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Finite Howe Correspondence on Unipotent Characters

Lusztig's “cell”

sNnT

m for a special symbol Z = (i) let Z1 = Z (SQT

of “singles”
m for M C Z, define Ay = (Z\ M) UMt, e.g., A(z) =7, AZI =7t

m an arrangement of Zy is a partition ® of Z1 into

) denote the subsymbol

d pairs () and a single {s}, if |Zi| =2d + 1;

t.7
d pairs (f;), if | Z1| = 2d.
m we say ¥ < @ if U is the union of some pairs in P.
m for U < &, we define Cy,¢ C Sz consisting of Ayr such that
m M contains either none or two entries of each pair in ¥; and
m M contains exactly one entry of each pair in ® \ ¥; and
m |M]| even.
]

Lusztig shows that >, ., pa € V(G) is uniform.
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Finite Howe Correspondence on Unipotent Characters

An Example

w Z=21= (%) € Ssp,,
m Sy = {(261)v (2i0)’ (150)’ (2,10)}' {ralAeSz}={01,09,012,010}
m dim V(Sp,(q))z = 4, dim V(SP4((1))ﬁZ =3

® v Ca,w 2neCy g PA

(2,10)’ (261) 010 + 011
0. (%) 0 + 012

(2,1,0)v (150) 010 + 012
G0, ) 0o +6m
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Finite Howe Correspondence on Unipotent Characters

A System of Linear Equations

[ 2t,2t-2,...,0
W suppose Z = (2#1,2&3,...,1) € SSp2t(t+l) and

7 — (2t+1,2t—1,...,1)

2¢,2t—2,...,0 € So¢

2(t4+1)2
m for U < ® and ¥’ < @ of Zj, define

f= > ST pa®@pa €VGEx G

AeCyp v A'ecg(q,,)’e(\l,,)

TaA; = (PA @ (Poc(Ay) F Poc(ar)t)s Wz, 2/) = T ge(ar) + A 0c(Ay)"

m (f,wz z) = (f,Wz,z) is reduced to

Z Z TA N = |C<I>,\I/ N Cq;/’\p/|

AeCyp @ Alecq)/,‘l,/
m for A # Ay, there are &, T, &' ¥’ such that A € Co,w, A1 € Cgr g+ and
Cs,w N Cgr g = 0, this concludes that za,a, =0

m for A, there are @, U, &', U’ such that Co,w N Cy/ g = {A}, this
concludes that xa,n =1
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The Main Result

m then we conclude that the only non-negative integral solution of the
system of linear equations is

L, if (A, A') or (A, A") € B 413

Mma A+ Mp prt = .
0, otherwise

m the Howe correspondence is compatible with the parabolic induction, we
finally conclude that ms o» = 1 if and only if (A, A") € BS ./, i.e,
Wz,z' =Wz, z/

m general cases can be reduced to two basic cases

Theorem (P.)
Let (G,G') = (Spay,, 05,/). Then

WwG,6/,1 = Z PA @ PAr.
(AA)EBG g
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Finite Howe Correspondence on Unipotent Characters

Application |: extension of n-correspondence

Theorem (Gurevich-Howe 2017)
Let (G,G') = (O, Sp,,). Suppose k < % (i.e., in stable range). Then for each
p € E(G), there is a unique n(p) € B¢/ (p) of O-rank k and all other elements
in Og: (p) are of ©-rank less than k. The mapping n: £(0Of}) — £(Sp,,) is
injective.
m for p' € £(G,,), let ©-1k(p’) denote the minimum of k such that p’x
occurs in Og, g for some linear character x € £(G},) and some G,

Theorem (P.)

Let (G,G') = (O, Sp,,). There exists a maximal one-to-one
sub-correspondence @ of Og ¢ which is symmetric, semi-persistent, and
compatible with the Lusztig correspondence. Moreover, § = n if (G,G’) is in
stable range.
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Finite Howe Correspondence on Unipotent Characters

Application II: Degree difference in the n-correspondence

m let G, be Sp,,,0;,U,
m the dimension p(1) is a polynomial in g, let deg,(p) denote the degree of
this polynomial
Theorem (P.)

Let p' € E(G},). Suppose that ©-rk(p’) = k. Then there exist a linear
character x € £(G,,), Gi and p € E(Gy) such that 8(p) = p'x for (Gy, G,).

Moreover,
ik(n—k+1), if G, =Sp,;
deg,(p') = deg,(p) + { $k(n —k —1), if G, =0%;
k(n — k), if Gy =U,.

m The theorem is known by Gurevich-Howe for (Of, Sp,,) in stable range.
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Finite Howe Correspondence on Unipotent Characters

The End. Thank You.
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