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Abstract

This talk demonstrates a non-invasive procedure that calculates
Arthur packets, their associated stable distributions and
Langlands-Shelstad transfers, without direct use of endoscopy,
using certain unipotent representations of the split p-adic
exceptional group G as examples. In the case at hand, this
procedure relies on a study of the category of GLy-equivariant
perverse sheaves on the moduli space of homogeneous cubics in
two variables, which is perhaps of independent interest.
Specifically, we find the Fourier transform and the
microlocalization of the simple objects in this category, and
convert that into information about the Aubert involution and
stable distributions attached to Arthur packets.

This is joint work with Andrew Fiori and Qing Zhang, based on
earlier joint work with Andrew Fiori, Ahmed Moussaoui, James
Mracek and Bin Xu, which is based on earlier work by David
Vogan, sadly, not joint.
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Motivation

From [Art13]:

THEOREM 1.5.1. Assume that F is local and that G € gsim(N)‘

(a) For any local parameter 1 € W(G), there is a finite set ﬁw over
ﬁunit(c), constructed from ¥ by endoscopic transfer, and equipped with a
canonical mapping

T — (), me ﬁw,
from ﬁu’) into the group ‘§w of characters on Sy, such that -,7) =1 if G and
w are unramified (relative to Kp).

(b) If ¢ = 1 belongs to the subset Bpaq(G) of parameters in W(G) that
are trivial on the factor SU(2), the elements in ﬁ¢ are tempered and mul-
tiplicity free, and the corresponding mapping from ﬁ¢ to 3’4, is injective.
Moreover, every element in ﬁtemp(G) belongs to exactly one packet fL;,. Fi-
nally, if F is nonarchimedean, the mapping from ﬁ¢ to §¢ is bijective.

We wish to adapt this theorem to the p-adic group Gy(F).
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Introduction

Strategy

@ Define candidate packets using a microlocal analysis of a moduli
space of Langlands parameters.

® Show that they enjoy the defining properties that we see in the
case of orthogonal and symplectic groups, in this case, for the
elliptic endoscopic groups PGL3 and SO, and for G, as a twisted
endoscopic group of PSOg;

© Attach stable distributions to these candidate packets.

Only then should the candidate packets be called Arthur packets!

In this talk, and the paper by the same title that will appear on the
arXiv tomorrow, we take the first step in the most interesting case for
G(F) and give a partial result on the third step.

The second step is treated in forthcoming work.
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The group G,

We view G; as a Chevalley group scheme with Dynkin diagram
PN
.\) ) C/.
1 2

with long root 8 and short root .. There are 6 positive roots
{o, 8,04 B, 20+ B,3a + 3,30 + 25} .
The root system is given by

G,

51/6
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There are five unipotent conjugacy classes in G; :

Qing Zhang L)
Subiezplky OO < Olong < Oshort < Osub < Oreg~
unipotent
ayrentere ! e Each unipotent conjugacy classes determines a group
homomorphism SL,(C) — Gy. In particular, we have
Psub - SLQ((C) — GQ.
o Consider the Langlands parameter ¢5 : Wg x SLo(C) — @2
defined by
O3(w, x) 1= @gun(X).
(Notation will be justified later.)
e The component group of ¢3 is non-Abelian:

A,,,3 = 7T0(Zé‘2(()3)) = 53.
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The “superunipotent”
representation of G,

e The L-packet for ¢5 is

where

e 75 corresponds to the trivial representation of Ss,

e 75 corresponds to the unique 2-dimensional irreducible
representation o of Ss, and

e 75 corresponds to the sign character € of Ss.

735 is supercuspidal:
. Go(F
5= cIndngo)F) Go[1];

where G,[1] is a cuspidal unipotent representation of Gy(FFy).

All three unipotent representations are tempered. Both 75 and
75 have nonzero lwahori-fixed vectors.
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e This L-packet straddles two blocks in the Bernstein
s decomposition of the category of smooth representations of
u:ipotgeunt G2(F)

representations of
Rep(G2(F)) = Rep(G2(F))(7(F),1) © - - - © Rep(G2(F))(6,(F), 1]

Gy

o We can refine this by specifying the relevant cuspidal support,
not just the inertial classes. There is a unique unramified
character xsub : T(F) — C* such that

Rep(G2(F))sub := Rep(G2(F))(7(F),xeun) © REP(G2(F))(6y(F). )

contains 75 and 75 in the first block and 75 in the second.
o We can identify all six irreducible representations in this
category:
irred

(Rep(G2(F))Sub) = {70, ™1, M2, 73, 75, 73 }.

/equiv
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Rep(Gy(F))sup decomposed into
A-packets
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A-packets and Aubert duality on
KRep(G2(F))sub

%o

P3

Aubert duality Dg, : KRep(G2(F))sub — KRep(Ga(F))sub acts by
reflection around the dotted line.
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Arthur packet

Stabilizing representations
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0, = 0,120, +0,.
@‘,1 = eﬁl — eﬂ-z —+ eﬂ_B
e¢2 = e71'2 - eﬂ3@ - evrg

O, = ©,+20.+0,.
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Main result

Theorem

For each Arthur parameter 1) : W} x SLy(C) — LG of Go(F) with
subregular infinitesimal parameter there exists a finite set My(G2(F))
of irreducible unipotent representations and a function

(s )y :My(Ga(F)) —  IrrRep(Ay)
T = (T,

where Ay :=mo(Zg (¢)) , such that

(a) if v is trivial on SL,(C) then ( , )y is bijective and all the
representations in Iy, (Gy(F)) are tempered;

(b) ifv is not trivial on SLy(C) then ( , )y is not bijective and
My (G2(F)) contains non-tempered representations;

(c) if w is spherical and w € Ny (Gx(F)) then { ,m)y = 1, the trivial
representation of Ay.
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L-packets and A-packets for all
irreducible representations in

Rep(G2(F))sub

A — packet L — packet

My (G2(F)) = {mo, 71,75} Mo (G2(F)) = {mo}

M, (G(F)) = {rmi,m2, 75} M., (G2F)) = {m}

My, (G2(F)) = {m2, 75, 75} My, (G2(F)) = {m2}

M, (G2(F)) = {73, 75, 75} M,,(G2(F)) = {73, 75,75}

> > >
S F S s
o
=
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T appearing in the main result
A | Rep(Ga(F))sub || Rep(Ay,) Rep(A..) Rep(Ay,) Rep(A..) |
main results o ]1 O 0 O

0 1 0 0
o 0 T 1 0
T3 0 0 0 1
75 0 0 T 0
3 € 1 T €
A’l;‘)g = 537 |"reP(Aqszo) = {]la o, 5}
A, = 5, Irrep(A,,) = {1,7}
Adiz = 527 lrrep(sz) = {]]-a T}
Ay, = Ss, lrrep(Ay,) = {L,0,¢}
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Stable distributions

Theorem
For every Arthur parameter 1) with subregular infinitesimal
parameter, consider the invariant distribution

@w = Z <a¢,7r>w @m
meMy (G2(F))

where ay, is the image of sy, :=1(1,—1) in Ay. Suppose ©,, is stable
when ) is tempered.! Then the distributions ©,, are stable for all
Arthur parameters 1.

@’lﬁbo = eﬂ'o +20, + e”ﬂ
.= ©,.-0,+6.
Op= ©,-0,.-0,.
0.,= ©,.+20.+0.

IWe hope to remove this hypothesis in future work.
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Subregular infinitesimal parameter

e The"infinitesimal parameter” Ay : Wr — G2 of a Langlands

parameter ¢ is defined by

w2
Ao(w):=0 <w, (' ! |W91/2>> .

Set Asub := Ay,; we refer to this as the subregular infinitesimal
parameter.

Up to ég—conjugacy, there are four Langlands parameters with
infinitesimal parameter A1, each of Arthur type:
2‘:““‘/’O(Wa X, y) = Spsub(
(W7X7y) - La(X) la +23(y)7
/¢2(W7Xay) (y) Ld+2[§(x)7
L '3(Wa X, )/) (

where 14 : SLy — G, embeds into Levi subgroup GLy(&) and
Latap SL, — G, embeds into Levi subgroup GLo(& + 25)
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The local Langlands correspondence for representations with
subregular infinitesimal parameter:

enhanced irreducible
oo L — parameter admissible rep’n

(¢)07 1) = 7o
(01,1) =

(¢27 1) =
((')3, 1) = T3
(¢3,0) +— 75
(¢3,8) +— 75
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Moduli space of Langlands
parameters

The moduli space of Langlands parameters with subregular
infinitesimal parameter is

Xsub = (62 X Vsub) /Hsun

where
3
Veur == {x € g2 | Ad(Asup(Fr))x = gx} = {Z avig | i € (C}
i=0
and

Heup := Zg,(Maub) = GLo(B),



Arthur packets
for Gy and
perverse sheaves
on cubics

Clifton
Cunningham,
Andrew Fiori and
Qing Zhang

Proofs

Langlands parameters as
homogeneous cubics in two
variables

Let Ps[x, y] be the vector space of homogeneous cubics in two
variables x, y.
Proposition
There is a natural isomorphism Vg,, — Ps3[x, y] that defines an

equivalence of representations of Hgy, on V., with the
representation det ' @ Sym> of GL, on Ps[x, y] given below.

Consequently,

Perg (Xsub) = Perp,, (Vsun) = Pergy, (det ~1® Sym?)
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Sym?®
The action
det 71 @ Sym® : GLy — Aut(Ps]x, y])
is defined as follows: for h € GL, and r € P3[x, y],
((det ™ ® Sym®)(h).r)(x,y)
= det(h)~tr((x,y)h)
= det(h)"tr(ax + cy, bx + dy), h=(2b
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A little geometry

e The GL; action det™ @ Sym® on Ps[x, y] has the following 4
orbits:
Co = {0};
={v’ | ve Plxyl,p#0};
G = {v’u | u,u’ € Pi[x,y], and u, v’ are linearly indep.} ;
G =A{wu" | u,u',u" € Pi[x,y], and u, v, u" are indep.} .

e The closure relation on the GLy-orbits in Ps(x, y) is given by

G <G <G<G.
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Proofs

e The GL; action det™ @ Sym® on Ps[x, y] has the following 4

orbits:

Co = {0},

G

e The closure relation on the GLy-orbits in Ps(x, y) is given by

G <

A little geometry

{* | ue Pix,y],p #0};
{v’u" | u,u’ € Pi[x,y], and u, v’ are linearly indep.} ;
G =A{wu" | u,u',u" € Pi[x,y], and u, v, u" are indep.} .

< G < G,

e Component groups/fundamental groups and microlocal
fundamental groups:

Ac, =1
Ac =1
Ac, =1
Ac, = S;

Ay
Ay
Ay
Ay

0

1

2

3

mic __
AC

qQ
Amic
mic

AC

2
mic
ATIC =
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irred 3 simple
P (Rep(Gz(F))> R (PerGLz(derl ® Sym )) _
equiv 1SO
0 — IC(IICO)
— IC(1¢)
Proofs 772 = IC( ]l C2 )
3 —> IC(ILC;)
3 — IC(Rc,)
5 — IC(Ec,)
where:
e 1, is the trivial local system on (p, is the trivial local
system on Cy, 1, is the trivial local system on C,, 1, is the

trivial local system on Cs;

e R, is the GLy-equivariant local system on (5 corresponding to
representation o of Ac, = A,, = Ss;

e &, is the GLy-equivariant local system on (s corresponding to
the representation € of Ac, 2 A;, = Ss.
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Proofs

Microlocal vanishing cycles

For any algebraic group H acting on V =2 A9 with finitely-many
orbits, the microlocal vanishing cycles functor

Evs : Pery(V) — Locy(A™®)
is defined [CFM*21] by

Busc, 7= (RO(| [~ 117 B 1. [dim ;1)

nres[—4],

where A:= T};(V) is the conormal variety and A;:= T£ V. Then
N8 = LiJ/\f.eg (disjoint union),

so Evs may be decomposed according to

Evs = ®; EVSC’. .
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The main geometric result

Theorem

On simple objects, Evs is given by:

PerGLz(det_1 ® Sym3) B, Locg, (A™8)
:ZC(H CO) ’_> ]l/\é(‘g
IC( ) — T (5) R/\gcg
IC(]lCZ) — 77\;65' o1
IL(le) = ]1/\‘3‘ e
IC(Re) = Rpes @ Lres
IC(Ec,) = Rpps @ Taes @ Lyes © Epres,
where
o Lpws is the constant local system on N;°® fori=0,1,2,3;
o Tpee (resp. Taies) is the local system on (resp. N,®) for

the non-trivial character T of AP = S, (resp. AZI® = S,);

R:e« corresponds to the representation ¢ of Ar(’_{ic = S3;

5,\;:; corresponds to the representation ¢ of Ar&ic = S;.
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Evs calculated

Evs : Pergp,(det = @ Sym®) — Locgy, (A™®)

[ Perg, (P3[x, y]) [ Loc(Ay®) Loc(A1") Loc(AF®) Loc(AY™) |
TC(1c,) Tpees 0 0 0
(1) Rpses T, 0 0
7C(1¢,) 0 1 Thees 0
7c(1c) 0 0 0 1pees
TC(Re,) 0 0 1 ps RA;“*
IC(Ee,) 5/\66& T ]l/\geg Epree

Definition

10(G(F):= {7  (Rep(Ga(F))

irred

/equiv

| Bsc P(r) 0}
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Normalization/Twisting (by the
orientation sheaf?)

From [CFM™21, Section 7.10], we recall the normalized microlocal
vanishing cycles functor

NEvsc : Perpy(V) — Locy(TEN8),
defined by
NEwsc F := Hom (Bvsc ZC(1¢), Bvsc F) = (EVSCIC(]I(_'))V ® Bvsc F.

In our case,
]l/\feg, i = 0, 3;

B¢, E(HQ) = {

Thee, i=1,2.
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Theorem
On simple objects, the normalized microlocal vanishing cycles functor
NEvs is given by:

Proofs

PercL, (Pslx.y]) "3 Local,(A™%)
ZC(]]-CO) — I]_Ageg
ZC(LQ) — ]l,\"‘— EBR/\S“E
%(HQ) — ]l/\gc-% @77\'1*
IC(HCK) — ]]./\;rn:
C(Re) — Ry & Tae
TC(Ec) = G @ Lape T @ Eng
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NEvs : Pergy,(det ~* ® Sym®) — Locgy, (A™8)

[Percw,(Palxoyl) [ LocA™) Loc(iT™) Loc(A) Loc(i) |
(1c,) Ty 0 0 0
(1) Ryee 1 0 0
ZC(]lCz) 0 T ]l/\gcg 0
IC(]IC’i) 0 O 0 ]1/\!«“‘»:,
IC’(RC ) 0 O 77\;eg R/\;( g
wec) | ey Tee &
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(,m)y € Rep(Ay)

Definition
For all Arthur parameters v with subregular infinitesimal parameter,

irred )
for all w € <Rep(G2(F))>/ , for all a € AT,

equiv
(a, )y = (—1)‘“"‘5”""1’7)(”)(—1)dim Co tracea,, NEvsc, P(7),

where ay, is the image of sy, :=1(1,—1) € Zg (¢) in Ay.
The proof of the main result now follows by direct inspection of the
tables.



Arthur packets
for Gy and
perverse sheaves
on cubics

Clifton
Cunningham,
Andrew Fiori and
Qing Zhang

Proofs

Stability

Let M; denote the standard module for 7; for i = 0,1,2. Since My,

and M, are obtained by parabolic induction from representations
of GLy(F), they are stable standard modules. Write ©y,, ©,, and
O, for the Harish-Chandra distribution characters attached to these
representations. These distributions are stable. The distributions
Oy, for i =0,1,2 are expressed in terms of these four stable
distributions, @, ©11,, Oum, and ©,,, as follows:

Oy, 11 -3 1\ /6y
o] o1 -2 1]]e
O, o0 1 —1f|ew

oo o0 1/)\e

Y3 3
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Forthcoming work

Forthcoming work

e In a sequel to the paper for this talk, we consider the remaining
unipotent representations of p-adic Gy(F) and calculate the
ABV-packets for these representations.

e We show that ABV-packets for all unipotent representations of
G, are indeed Arthur packets by showing that they satisfy the

conditions imposed on them by the theory of endoscopy and
twisted endoscopy:

PSO(8)
Gy

A DN

PGLs SO,

e Prove that the tempered distributions, like ©,,,, are stable.
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A triple of “superunipotent”
representations

split  unipotent fund’l  irred  superunipotent Lusztig’s
group orbit group rep’n representation  class'n
G Go(a1) S5 (sign) cIndg(o), Gall]  7.33
F4 Fa(as3) S4 (sign) cIndF“(F) FH[l] 7.26
Es Es(a7) Ss e (sign) cIndEs§F) VB 7
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