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Quantum

e Let g be a finite-dimensional simple Lie algebra over C, associated
to a Cartan matrix (ajj); jes, and root system AT LIA™.
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Quantum groups

e Let g be a finite-dimensional simple Lie algebra over C, associated
to a Cartan matrix (ajj); jes, and root system AT LIA™.

e The Drinfeld-Jimbo quantum group associated to g is given by:

Ug(®) = Q(a) (e fr 1)

icl

modulo certain relations that we will not recall.
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Quantum groups

e Let g be a finite-dimensional simple Lie algebra over C, associated
to a Cartan matrix (ajj); jes, and root system AT LIA™.

e The Drinfeld-Jimbo quantum group associated to g is given by:

Ug(®) = Q(a) (e fr 1)

icl
modulo certain relations that we will not recall.

e The subalgebra Uy(n™) C Uq(g) generated by the g's is:
Ug(n) = Qa) (&) _

modulo the relation Zi;‘g”(—l)k(l_ka"f)q_ef‘ejelfa’j*k =0, Vi#]j.

i
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The g-shuffle algebra

e An important viewpoint on Uqg(n™) is given by comparing it to the
g-shuffle algebra defined by Green, Rosso, and Schauenburg:

F= @ )i

kEN,it,....ik€l
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The g-shuffle algebra

e An important viewpoint on Uqg(n™) is given by comparing it to the
g-shuffle algebra defined by Green, Rosso, and Schauenburg:

F= @ )i

kEN,it,....ik€l

e endowed with the following associative shuffle product:

[il'-‘ik]*Ul--‘_/'I] = Z q)\A’B‘[Sl...Sk_H]

{1,....k+1}=AUB,|A|=k,|B|=I

where if A= {a; <--- < ax}and B={b1 <--- < b}, we write:

is if c = ae
scz{ and AB = Z (s, as,)

Jo if ¢ = b Asa>beB
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The g-shuffle algebra

e An important viewpoint on Uqg(n™) is given by comparing it to the
g-shuffle algebra defined by Green, Rosso, and Schauenburg:

F= P Qa)-la...il
kEN, it ...,ik €l
e endowed with the following associative shuffle product:
[il'-‘ik]*Ul--‘_/'I] = Z q)\A’B‘[Sl...Sk_H]
{1,....k+1}=AUB,|A|=k,| B|=!

where if A= {a; <--- < ax}and B={b1 <--- < b}, we write:

is if c = ae
scz{ and AB = Z (s, as,)

Jo if ¢ = b Asa>beB

e This definition is designed so that there is an injective algebra
homomorphism ® : Ug(nt) < F given by e; — [i], for all i € /.
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Standard Lyndon words

e By work of Lusztig, there exists a PBW basis:

U= P Qa)-es-.-e5

B1=>->PBnEAT

where eg € Ug(n™) deform the root vectors of n™, for all 5 € A™.
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Standard Lyndon words

e By work of Lusztig, there exists a PBW basis:

U= P Qa)-es-.-e5

B1=>->PBnEAT
where eg € Ug(n™) deform the root vectors of n™, for all 5 € A™.

e Above, > is any convex order on AT, but there is a particularly
interesting choice. Lalonde-Ram showed that there is a bijection:

(AT {standard Lyndon words}

where a word [i; ... ix] € I¥ is called Lyndon if it is lex smaller than
all its suffixes. Thus, lexicographic order induces an order on A™.
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Standard Lyndon words

e By work of Lusztig, there exists a PBW basis:

U= P Qa)-es-.-e5

B1=>->PBnEAT
where eg € Ug(n™) deform the root vectors of n™, for all 5 € A™.

e Above, > is any convex order on AT, but there is a particularly
interesting choice. Lalonde-Ram showed that there is a bijection:

(AT {standard Lyndon words}
where a word [i; ... ix] € I¥ is called Lyndon if it is lex smaller than

all its suffixes. Thus, lexicographic order induces an order on A™.

e Leclerc showed that ®(eg) has the minimal largest word among all
degree (3 elements of Im @, and this largest word is precisely ().
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Example: words in type A,

e Consider the Dynkin diagram:

1 2 n—1
o o e

O s
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Example: words in type A,

e Consider the Dynkin diagram:

1 2 n—1
o o e

O s

e The positive roots are ajj = aj + -+~ +aj forall 1 <i < j < n.
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Example: words in type A,

e Consider the Dynkin diagram:

1 2 n—1
o o e

O s

e The positive roots are ajj = aj + -+~ +aj forall 1 <i < j < n.
e The bijection £ is given by:

Uaj) =1[i...j]
(somewhat predictably).
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Example: words in type A,

e Consider the Dynkin diagram:

1 2 n—1
o o e

O s

e The positive roots are ajj = aj + -+~ +aj forall 1 <i < j < n.
e The bijection £ is given by:
Uaj) =1[i...j]
(somewhat predictably).

e Now suppose you wanted an affine version of all of this business:

Uq(g) ~ Uq()
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Example: words in type A,

e Consider the Dynkin diagram:

1 2 n—1
o o e

O s

The positive roots are ajj = aj +--- +aj forall 1 < i< j < n.

The bijection £ is given by:

Uaj) =1[i...j]
(somewhat predictably).

Now suppose you wanted an affine version of all of this business:

Uq(g) ~ Uq()

The shuffle algebra still makes sense (using letters in =100
instead of in /) but the Lalonde-Ram bijection breaks down because
of the imaginary roots. So does Leclerc's description of ®(eg).
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Quantum loop/affine groups

e So we need a new viewpoint on Ug(g). Fortunately, we have an
isomorphism (proposed by Drinfeld and proved by Beck, Damiani):

Uq(g) = Ug(Lg)
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Quantum loop/affine groups

e So we need a new viewpoint on Ug(g). Fortunately, we have an
isomorphism (proposed by Drinfeld and proved by Beck, Damiani):

Uq(g) = Ug(Lg)

e where the quantum loop group Ug(Lg) has generators:

+
{eid: fid: i bierdez,a>0
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Quantum loop/affine groups

e So we need a new viewpoint on Ug(g). Fortunately, we have an
isomorphism (proposed by Drinfeld and proved by Beck, Damiani):

Uq(g) = Ug(Lg)

e where the quantum loop group Ug(Lg) has generators:
R
{eid: fid: i bierdez,a>0

e However, the subalgebra Ug(Lnt) C Uy(Lg) generated by {e; 4}
does not match the subalgebra Ug(n") C Ugy(g) under the
isomorphism in the box. The two subalgebras are “orthogonal”.

Andrei Negut (joint work with Alexander Tsymbaliuk) Lyndon words and quantum loop groups



Quantum loop/affine groups

e So we need a new viewpoint on Ug(g). Fortunately, we have an
isomorphism (proposed by Drinfeld and proved by Beck, Damiani):

Uq(g) = Ug(Lg)

e where the quantum loop group Ug(Lg) has generators:
o f + 1.
{eid: fid: i bierdez,a>0

e However, the subalgebra Ug(Lnt) C Uy(Lg) generated by {e; 4}
does not match the subalgebra Ug(n") C Ugy(g) under the
isomorphism in the box. The two subalgebras are “orthogonal”.

. to do for Uy(Ln™) what was done for Ug(n™): define a
shuffle algebra model, and describe PBW bases via Lyndon words.
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The loop g-shuffle algebra

e Instead of using i € | as letters, let us use the symbols i(?) as
letters, for any i € | and d € Z. Consider the vector space:

F= ) Qq) - [{2. ]

keN,i,...,ix€l,dy,...,dc €L
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The loop g-shuffle algebra

e Instead of using i € | as letters, let us use the symbols i(?) as
letters, for any i € | and d € Z. Consider the vector space:

=~ .(d .(d
F = @ Q(q){ll( 1)...115 k)]
keN,i,...,ix€l,dy,...,dc €L

e and make it into an algebra via the following shuffle product:
[ ] [ ] =

Z Z coefficient - [sfrﬁﬂl) . s£iﬁj’+”k+’)}

{1k +=AUB m++mp =0 cQ(q)
|A|:k,|B|:I 71'1,...,Trk+,€Z

where if A={a; < ... < ax}and B={b < ... < b}, we write:

e if c= ae de if c = a,
Se=49. . ) te = .
Jjo ifc=b, ee if c = b,

The coefficients have a reasonable, but rather lengthy definition.
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Standard Lyndon loop words

The results on this slide are joint work with Tsymbaliuk

e The algebra Fis designed so that there is a homomorphism:

O Up(ln) > F, e [9)], Vieldez
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Standard Lyndon loop words

The results on this slide are joint work with Tsymbaliuk

e The algebra Fis designed so that there is a homomorphism:
& Ug(lnt) > F,  eg— [i(d)] . Viel.deZ

(d1)

e Loop words |:Il (k)

g } can be ordered lexicographically by:

;(d) <j(e) if (d> e) or (d: e and i<j)
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Standard Lyndon loop words

The results on this slide are joint work with Tsymbaliuk

e The algebra Fis designed so that there is a homomorphism:
& Ug(lnt) > F,  eg— [i(d)] . Viel.deZ

(d1)

e Loop words |:Il (k)

g } can be ordered lexicographically by:

i) < &) (d > e) or (d: e and i<j)
e This yields a notion of Lyndon loop words, and we have a bijection:

AT X7 {standard Lyndon loop words}
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Standard Lyndon loop words

The results on this slide are joint work with Tsymbaliuk

The algebra Fis designed so that there is a homomorphism:
O Up(ln) > F, e [9)], Vieldez

i)

Loop words [il(dl) .

} can be ordered lexicographically by:

;(d) <j(e) if (d> e) or (d: e and i<j)

This yields a notion of Lyndon loop words, and we have a bijection:

AT X7 {standard Lyndon loop words}

Moreover, Im ® consists of linear combinations of loop words, the
largest words of which are concatenations of {{(,d)}sca+ dez-
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On the bijection ¢

e The bijection / satisfies the property:
0B,d) = [i{dl) . ..iﬁdk)} — 0B, d+ht B) = [I-l(d1+1)”.ilgdk+1)}

so to prescribe 4, it suffices to give ¢(3,d) for d € {1,...,ht 5}.
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On the bijection ¢

e The bijection / satisfies the property:
U3, d) = [/{C’l) . ..i,gdk)} = (B, d+ht B) = [/1("1“).../,9’””}
so to prescribe 4, it suffices to give ¢(3,d) for d € {1,...,ht 5}.

o Moreover, £(f3, d) only has letters i**) with % € {[ﬁj , [ﬁw }
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On the bijection ¢

e The bijection / satisfies the property:
(B,d) = [ W] = up dhe gy = [i{#D )]
so to prescribe 4, it suffices to give ¢(3,d) for d € {1,...,ht 5}.

o Moreover, £(f3, d) only has letters i**) with % € {[ﬁj , [ﬁw }

e For example, in type A, we have for all d € {1,...,j — i+ 1}:

Emmwz[U—d+UmU—®m”JmU—d+Qm”Jm}
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On the bijection ¢

e The bijection / satisfies the property:
e@id):[éml.Jﬁ”} N aﬂgﬂmtﬁ):[ém+n.”¢¢+n}
so to prescribe 4, it suffices to give ¢(3,d) for d € {1,...,ht 5}.

o Moreover, £(f3, d) only has letters i**) with % € {[ﬁj , [ﬁw }

e For example, in type A, we have for all d € {1,...,j — i+ 1}:
emm@:[U—d+nmu—@@ﬂjmg—d+mm“4m}

e Theorem (N-T): The order on A™ x Z induced by the bijection ¢
and lexicographic order on words is convex. This allows us to define
root vectors (g 4y € Ug(Ln™) for all 3 € AT and d € Z, using the
Beck-Damiani affine version of Lusztig's root vectors eg € Uqg(n™).
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Application: the Feigin-Odesskii shuffle algebra 1

e Our definition of the loop shuffle algebra F allows us to connect it
with another shuffle algebra incarnation of Uq(Ln™), this one due
to Enriquez (inspired by the elliptic algebras of Feigin-Odesskii):

At @ Q(q)( oV Zily e Ziks ')symmetric in zj1,...,Zjg; Vi€l
(ki)iereN!
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Application: the Feigin-Odesskii shuffle algebra 1

e Our definition of the loop shuffle algebra F allows us to connect it
with another shuffle algebra incarnation of Uq(Ln™), this one due
to Enriquez (inspired by the elliptic algebras of Feigin-Odesskii):

At @ Q(q)( oV Zily e Ziks ')symmetric in Zi1,...,2ik; Vi€l
(ki)icieN!
e consisting of rational functions of the form:
): r(...z,-l,.. Z,'k,...)
[T TLES5 (2 — 20w)

for r a Laurent polynomial, symmetric in z1,. .., zj, Vi, such that:

R(...,Z,']_,...,Z,‘kl.,...

r(c..yZay...) . .o =0

2a
=2 ij i
(zil’zi2w~:zi,17a,-j)H(W’Wq,' geensWq; ), Zi1rwa;

for all i # j. The above vanishing of r is called a wheel condition.
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Application: the Feigin-Odesskii shuffle algebra 2

—(aj,a;)
o Let (ji(x) =9 =

L. The multiplication on A* is given by:

F(...,zi1,.. ., Zig, - - )*G(. .., zi1,. .., Zjj,, . . .) = symmetrization of

ijel B}
ia
F(...,Z,'l,...,Z,'kl.,...)G(...,Z,'7kl.+1,...,Z,'7kl.+/l.,...) H Cij <’>

Z:
aSk,',b>kj Jb
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Application: the Feigin-Odesskii shuffle algebra 2

—(aj,a)) . . L
o Let (jj(x) = =92 The multiplication on A is given by:

x—1
F(...,zi1,.. ., Zig, - - )*G(. .., zi1,. .., Zjj,, . . .) = symmetrization of

ijel B}
ia
F(...,Z,'l,...,Z,'kl.,...)G(...,Z,'7kl.+1,...,Z,'7kl.+/l.,...) H Cij <’>

Z:
aSk,',b>kj Jb

e This is designed so that there is an algebra homomorphism:

T Ug(lnt) — AT, egs 28, Viel deZ
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Application: the Feigin-Odesskii shuffle algebra 2

_(aja)) . . L
e Let (j(x) = **2——". The multiplication on A" is given by:
F(...,zi1,.. ., Zig, - - )*G(. .., zi1,. .., Zjj,, . . .) = symmetrization of

ijel B}
ia
F(--'7Zi1;-'-7zik,-a---)G(---azi,k,-+1;-'-7Zi,k,-+l,-7'--) H Cij <’>

Z:
aSk,',b>kj Jb

e This is designed so that there is an algebra homomorphism:
T Ug(lnt) — AT, egs 28, Viel deZ

e | showed that the map T is an isomorphism in affine type A,
although those methods do not readily generalize to other types.
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Application: the Feigin-Odesskii shuffle algebra 2

_(aja)) . . L
e Let (j(x) = **2——". The multiplication on A" is given by:
F(...,zi1,.. ., Zig, - - )*G(. .., zi1,. .., Zjj,, . . .) = symmetrization of

ijel B}
ia
F(...,Z,'l,...,Z,'kl.,...)G(...,Z,'ykl.+1,...,Z,'7kl.+/l.,...) H Cij <’>

Z:
aSk,',b>kj Jb

This is designed so that there is an algebra homomorphism:
T Ug(lnt) — AT, egs 28, Viel deZ

| showed that the map T is an isomorphism in affine type A,
although those methods do not readily generalize to other types.

Varagnolo-Vasserot recently proved a result that implies the map
T is injective in all finite types. So what about surjectivity?
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Application: the Feigin-Odesskii shuffle algebra 3

e Theorem (N-T) The map 7T is surjective, hence an isomorphism.
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Application: the Feigin-Odesskii shuffle algebra 3

e Theorem (N-T) The map 7T is surjective, hence an isomorphism.

e As a technical step, we relate the shuffle algebras F and AT. To
this end, we show that there exists an algebra homomorphism:

L AT = F
sending a rational function R € A™ to:
—d —d, k
Z [i(dl) i(dk)} / R(zi, .. zk)zg .oz %k H dz,
1 .. k . .
ityeeir€l |z | < | 2| H1§a<b§k C’a’b(za/zb) a=1 2miz,
di,..,di €7
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Application: the Feigin-Odesskii shuffle algebra 3

e Theorem (N-T) The map 7T is surjective, hence an isomorphism.

e As a technical step, we relate the shuffle algebras F and AT. To
this end, we show that there exists an algebra homomorphism:

AT S F
sending a rational function R € A™ to:

Z [il(dl)---i,gdk)}/ R(zl,...,zk)zldl...zkdkﬁ dz,

e al<<lzl  1li<acbek Cinip(2a/26) 1= 2miza
R

e Moreover, the following compositions are equal:
é
Ug(Ln*) LU

which connects the two shuffle algebra realizations of Ug(Ln™).
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