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@ Kostant’s interest in the Buckyball

@ He didn't like the Brooklyn Dodgers

Giants Top Dodgers and Win
Flag on Thomson’s Homer, 5-4;
World Series to Open Today

Three-Run Blast Reynolds Picked
In Ninth Climaxes 2 As Yankee Hurler |
"l Sees O




“Lie group representations on polynomial rings” (1963)

Kostant’s most highly cited paper in Math Reviews
Let AV be nilpotent cone in g. Kostant showed

@ N is a normal variety
@ The defining ideal of V' is generated by

u17""u£?

a set of basic invariants in Sg*. Assume deg(u,) = h.
@ As a module for G, write

C*N] = aps Vi
A m
where py = @™ +---4+q “. Then
0y =dim V.

These exponents are called the generalized exponents of \.



Key fact

Let e be a principal nilpotent and e, h, f basis of sk-triple.

Form slice
v:=1f+g°

The C*-action on v coming from h and scaling so that that f is in
degree 0.

Then g€ is graded in degrees 2my +2,...,2m, + 2, where my,...,my
are the usual exponents.

Restrict u; to v. Then

Theorem (Kostant)
u; has linear term when expressed in the graded basis of g°.
Jacobian matrix of u;’s is rank ¢ everywhere on v, including at f.




Explicit list of basic invariants

@ Can take a possible list and restrict to a Cartan subalgebra b.
Look for a point where determinant of Jacobian is nonzero.



Explicit list of basic invariants

@ Can take a possible list and restrict to a Cartan subalgebra b.
Look for a point where determinant of Jacobian is nonzero.

@ Take a possible single basic invariant and restrict to v and see that
it has a linear term.

The invariants

tr((ad X)?),...tr((ad X)%),...tr((ad X)%°)

is a list of basic invariants for Eg.

Can use smaller representations for other types if adjoint
representation doesn’t work (e.g., if there is an odd fundamental
degree).



Example in MAGMA

Adjoint representation of the slice v for Fy4, using 4 variables:
m{1], m(2], m(3], m[4].

> M;

[e m1)] e e e e m2] -mz2] e e e @ -m3al -m3] e e @ o nml4l @ @
[z @ m1] @ @ e © @ m2] @ 2+m(2] @ @ @ -m(3] e @ 8 @ @ a
8 42 @8 mnl1] @ 8 @ @ @ B8 nf2) 2#m(2] B8 a a a a
[a 68 24m[1] m[1] B8 (] e e 8 @ n[2] -n[3] m[3] (] a
e o 3 @ @ m1] o) e e e e e @ @ @ @ e e @ @ -m3)] ml3)

[e @& @ 16 08 @ @& nf2) @ @ @ @ e @8 @ @ @ nm2 e @ @ @ n[3] -m3)
[a a 42 a m1] m[1] 8 B8 & 8 B @ a  2#n[2] a a
€] ] 3z 38 @ 8 n(1] -2sn[1) 8 8 -2xn[2] ] ]
e o ] e 22 @ ] nl1] e ] 8 @ 2em(2] @ e -2#m(2] €
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[e @ e & @ @ e © @ @ @ @ @ e 4 @ e © 0 @ nmi] -nf1)] & @ @ @& © @ @ @

[a a a @ ® @ 8 @ ® 6 8 -16 60 22 8 @ 6 @ n[1] -2«n(1] & @ B8 @ a
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> Trace(Mr2);

56164m1]

> Trace(M*6);

586278656+m[1]%3 - 50523782488%n (2]

> Trace(M"8);

1999158220804m(1]4 — 54928419840800+m(1]+m[2] - 173283618816600+n(3]

> Tracel(M/6)*12);

1894977388708,/590494n([1]46 ~ 92782015480080/729+n[1]734n (2] - 23228446472000/243*m(1]42+n(3] + 1461834225080/9+n[2]*2 - 697250

@0@xn[4]

Linear term in each case.



Usual exponents

When X = 6 is the highest root, the generalized exponents are the
usual exponents.

Two ways to see this:
@ Generalized exponents come from grading of

V"= g% C g%

Have equality since g€ is abelian.

@ Fix /. Then
0x;

is a basis of a copy of the adjoint representation in Sg*.
Non-zero on N; in fact, the copies are linearly independent.

So {d; — 1} are generalized exponents for A = 6.



Applications to intersections

@ N'nh={0}. Functions at 0 are
Sh*/(positive invariants) ~ H*(G/B).

Starting point to look at O N .
We obtain cohomology of Springer fiber for dual orbit in type A.

Kraft, De Concini-Procesi, Tanisaki, Carrell
@ N NSy for smaller nilpotent, where
Sfl = + ge/
Also can do this by replacing N by smaller nilpotent orbit O:

On Sy.

Brieskorn, Slodowy, Kraft-Procesi, Fu-Juteau-Levy-S.



Subregular slice

Let f' be in the subregular orbit. Take slice to f':

Sf/ =f + ge/

This has dimension ¢ + 2.



Subregular slice

Let f' be in the subregular orbit. Take slice to f':

Sy =1 +g°
This has dimension ¢ + 2.
Then uy, ..., u,_1 have (linearly independent) linear terms on Sy.
While v, of highest degree, the Coxeter number, is exactly the defining
equation in the remaining three dimensions of an ADE-singularity.

Carried out by Slodowy



> invs;

1e88+m(8],

-11232000+m[5] + 114848@+m[7]+m[8],

-161740868%n(4] + 11484800+n[6]+#m([8] + 58934384wm(7]*2 + 9232128+n[B8]"3,

97542144800+m[2] — 54889305288+m(4]4m(8] - 31 5)#n[7] + 1281 6172 + 332881920B%m[6]4n[8]42 + 16539788896+m[7]42+m(B] +
11341854724m[8]74,

263363 [1] - 921773 [4]4m([7]) - 3997 [5]4m[6] - 789619097600+n[5)+m(8]*2 - 58002739200+n[6]+m(7)+m(8] -

[7]%3 + 89352464384%m[7 J+m(8]43,

15643809054720000+n(1]+n(7] + 18429206836480000+n(2]+n(6] + 9193151987712000+n(2)+n(B]*2 - 9291474468864808+n(3]°2 +
9291474468864000+m[3)#n (4] + 3217983012864808+m(4]*2 — 346851901448008+m(4]+m[6)+m[B8] - 25224016232448004m(4)+m(7]142 —
25262730518334004m[ 4 )#n(8]*3 + 114803619848000004n[5)A2«n (8] + BBLA2B154BBBBAG#(S Jkm(6]4n(7] — 52114998878720084m(5)+n[7]4m(8] 2 —
239446856960000+m( 613 + 1232736620544888+n[6]72+m[8]2 + 316344708188888+m[6)+m(7]°24m([B] + 127622814185688+m(6 1xn[B]144 +
6377428082488324m(7]M 4 + 713154399141888+n(7]424n[8]43 + 20115886620672+m[8]%6

>
> BroebnerBasis(IAdjNil);
[
m[1] — 1837/6488+m[7]43,
ml2] + 183/784+«m[&a]"2,
m[3]42 — 5B3/168@84+m[3]+m[7]1"2 + 6455/3B4164m[&6]%3 — 92323/328088+m[7]1"4,
ml4] - 583/1608+m[7]1%2,
m[5],
m[8]
]
> Evaluate(x[23], [m[1], m[2], m[3]+583/3288+m[7]*2, m[4],m[5]),m[&6],m[7],m[8]]);
m{31%2 + 6655/384164m[6]43 — 131769/409680+4m[7]%4

>

The latter is the equation for the Eg singularity in C3: x2 + y2 + z4 = 0.
10



Singularities in
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Find equations for other orbits

@ Weyman for GL,(C).
O =0,
A = (M, Az, ...) partition of n
Letki=XA+Xo+ -+ X —i+1

Equations come from subspace of k; x kj-minors isomorphic to
representation of highest weight @; + w,_;, plus the basic
invariants.

12



Find equations for other orbits

@ Weyman for GL,(C).
O =0,
A = (M, Az, ...) partition of n
Letki=A+Xo+---+ X\ —i+1
Equations come from subspace of k; x kj-minors isomorphic to
representation of highest weight @; + w,_;, plus the basic
invariants.

@ Hook A = (a,1,...1).

Minimal generators: all a x a minors. Rank conditions plus basic
invariants up to degree a.
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Find equations for other orbits

@ Weyman for GL,(C).
O =0,
A = (M, Az, ...) partition of n
Letki= A +Xo+---+ X\ —i+1
Equations come from subspace of k; x kj-minors isomorphic to
representation of highest weight @; + w,_;, plus the basic
invariants.

@ Hook A = (a,1,...1).
Minimal generators: all a x a minors. Rank conditions plus basic
invariants up to degree a.

@ Almost rectangular: A = (a, a,....a, b).

Minimal generators: Just need a copy of the adjoint in degree a
and basic invariants up to degree a.

Take entries X2 where X = (x;) is a generic matrix for a copy of
the adjoint rep.
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Broer’s result on the subregular orbit

@ Let ¢ be the dominant short root.

@ The highest generalized exponent for V,, occurs in ht(¢) degree,
the dual Coxeter number. This is true for any representation V,.

@ The ideal for the subregular nilpotent variety is given by a copy of
V, in this top degree

together with
u,...,Up—1.

@ These are minimal generators.

13



Main result

@ Let Q be a set of orthogonal, short, simple roots. Let s = |Q|.
Let ng be nilradical of the parabolic subalgebra attached to Q.
@ Let Oq be the Richardson orbit in nq.
These orbits were considered by Broer in Kostant 65th volume.

For s = 1, we get the subregular orbit. For s = 0, we get principal
nilpotent orbit.

@ Let r be dimension of zero weight space of V;, which is the
number of short simple roots, and order the generalized
exponents for V,, by m < -.. < mp.

14



Main result

@ Let Q be a set of orthogonal, short, simple roots. Let s = |Q|.
Let ng be nilradical of the parabolic subalgebra attached to €.
@ Let Oq be the Richardson orbit in nq.
These orbits were considered by Broer in Kostant 65th volume.

For s = 1, we get the subregular orbit. For s = 0, we get principal
nilpotent orbit.

@ Let r be dimension of zero weight space of V;, which is the
number of short simple roots, and order the generalized
exponents for V,, by m < -.. < mp.

Theorem (Johnson, S-)

The ideal for Oq is minimally generated by:
e acopy of V,, in either degree m{_,_, or m‘f’i e
2
@ (sometimes) a copy of V, is degree m}’{ sto-
@ r — s of the basic invariants




Main result

Theorem (Johnson, S-, arXiv:1706.04820)

The ideal for Oq is minimally generated by:
@ acopy of V, in either degree m?__, , or m‘f’i I
2
@ (sometimes) a copy of V, is degree mf’_ il
@ r — s of the basic invariants )
FIGURE 1. The studied nilpotent varieties with second family in red % E‘B
111,1] [13,1] J‘Ts E7(‘a1) E‘a(‘an)
[1‘1] [9-‘1] /[9_‘3]\ /[11‘,3]\ Eg(a;) E;(as) Ee(‘ﬂz)
5.3 7.3] 75 [91,1,1] [9,5 [11,1,1,1 D‘ E 7N
/ N\ VAN 5 +(az) Eg Es(as)
4,4 ilJ\ [;‘-"‘] [5-5]\ [;"‘-‘ [o_u‘{u]/f 7.3,1,1] [7.‘7]\{0 x.‘u E(‘ ) \E( { p (\a)
3,3,11] 5,3,11] \[a\ul/ll [7\5‘1(] 6 Lo 8lde
() Tn types Ds, Ds, Dg, and Dy (b) In types Eg, Er, and Es



Flat basis

Pick a basis {x;} of g and a dual basis {y;} with respect to the
Killing form (-, -).

Let p and g be two homogeneous invariants of degree a+ 1 and
b+ 1, respectively. Then

.7 9p 9q
Poq:=2i 550y
is again an invariant.

Homogeneous of degree a+ b.

Saito’s flat basis, first considered in a paper by Saito, Yano,
Sekiguchi: unique basis (up to scalars) with

uiouj € Cluy, ..., U—q] + cuy, where c is a constant.

De Concini, Papi, Procesi:

u; o uj a generator of the invariants when u; o u; is the degree of
some Ug.

A weaker statement is true in type Do.

16



Containment of ideals

@ Consider the copy of the adjoint representation V,, determined by
u; by taking derivatives.
o Take its ideal (V) in C[V].

Theorem (Johnson, S-)
The following are equivalent:

@ Containment: Vy, C (V)

@ There exists an invariant p such that p o u; = u; modulo
expressions in lower degree invariants.

Hence, by DPP result, containment question, outside of Doy, is
equivalent to (m; + 1) — m; is an exponent. This helps us find minimal
generators.

For example, in E7, adjoint rep in degree 13 is not in the ideal
generated by copy in degree 11, but it is in ideal generated by copy in
degree 9, since 3 is not an exponent, but 5 is.

17



Cohomology on the resolution

Next we search for a set of generators. Let P = P,. Consider the
Springer type map:

GXPHQ—>6Q

If this is a resolution,
C[Oq] = C[G xP ng] = HY(G/P, S*n)
For Q = (), Oq is regular nilpotent orbit.
C[N] = C[Oreg] = C[G xB n] = H°(G/B, S*n*)

Paper by R. Brylinski (Twisted Ideals paper):
@ thinking about ideals in C[A/] coming from cohomology
@ subregular ideal

18



Twisted ideals

Higher vanishing

H(G/B, S*n* ® C,) = 0 for i > 0 when
@ 1 = 0 (Borho-Kraft, Hesselink)
@ u dominant (Broer)

@  slightly not dominant (Broer)

To compute the occurrences of V, in HO, compute Euler characteristic
> (—=1)'H', and thus replace S*u* by a sum of one-dimensional
representations and then use Bott-Borel-Weil:

Bott-Borel-Weil

H/(G/B,C,) = 0 except if w - X is dominant and i = ¢(w), in which
case itis Vy,.\. Here, w € W, the Weyl group, is unique.

Conclude: H°(G/B, S*u* ® C,,) is computable in terms of Lusztig’s

g-analog of Kostant weight multiplicity.
19



Twisted |deals

@ Hence, multiplicity of V) in H°(G/B, S*u* ® C,,) is the dimension
of the u-weight space in V).

@ The graded version is an affine Kazhdan-Lusztig polynomial
(Lusztig).

@ If u =0, get a formula for generalized exponents and also get
another way of seeing that their number is dimension of the zero
weight space of V).

Broer

For ;1 dominant:
H%(G/B, S*vw* ® C,,)

will identify with an ideal in
Cv]

and the unique copy of V,, in lowest degree generates the ideal.




Sketch proof in As with s = 2

Let Q = {4, az}. Consider parabolic and nilradical for subregular: n,.
Take Koszul resolution:

0— 8" 'n;, ®Cq, —» S™, — S™, . — 0.

1,03
Take cohomology over G/B:

0 — H(S" 'n}, ® Ca,) — H(S™y,)
— H(S™, o) = H'(S" n}, ®Cqy) — ...

1,03
Key facts are that H' vanishes and

H°(S”*1n;3 ® Cq,) HO(S”*anz ® Cy).

This is a generalization of Broer’s result for n when weights are slightly
not dominant (see next slide).

Hence, the ideal of the orbit is cut out by a copy of V,, in degree 2 in
the closure of the subregular orbit. General case uses this kind of
induction.

21



Type A, cohomological theorem

Let n;, be the nilradical for the maximal parabolic in type A; with simple
root o, Not in the Levi subalgebra.

Let r be intherange —|/+1—2m| —1 < r < 0. Then there is a
G-module isomorphism :

H"(S”n*m ® rom) ~ H"(S”Jf"”n;*ﬂfm ® —Irwi1—m)
forall i,n> 0.

This is always an isomorphism for H° when r < 0.

H(S" ® —wy) ~ H'(S" 'n} @ wp)

Can use this A result in any bigger Lie algebra. In Aj it says
H(S™} ® ar) ~ H(S"'n3 ® (o + a2 + ag)) since aq has inner
product —1 with as and 0 with a3. This was the key fact on the

previous slide.
29



