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The Capelli identity

Consider differential operators on n X n matrices; write E),j = %
ij

The Capelli identity [Capelli 1887, MATH ANN. 29] asserts

det (Zk Zk,'akj + (n — i) 5U) = det (Z,j) det (8U>

Left side ~ matrix multiplication, right side ~ matrix addition

Generalized in [Kostant-S. 1991, Apv MATH 87]

Key idea: Mat,y, — Jordan algebra N; det — Jordan norm ¢
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Jordan algebras

o (N, e, ¢) = Jordan algebra, G = Str(N), K = Stabg (e) = Aut(N)
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Jordan algebras
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o Z= G/K — N symmetric cone; rank n, root multiplicity d
e D=R,C,H, N = Herm, (D), Z= GL,(D) /U, (D), d=1,2,4

e Polynomials P (N) = @)eca, Vi, multiplicity free G-module
Indexed by partitions A, ={A €2Z": Ay >--- > A, >0}

@ Dp = ¢™ (x) " (9) is a G-invariant differential operator

Theorem ([Kostant-S. 1991])
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Jordan algebras

o (N, e, ¢) = Jordan algebra, G = Str(N), K = Stabg (e) = Aut(N)
o Z= G/K — N symmetric cone; rank n, root multiplicity d
e D=R,C,H, N = Herm, (D), Z= GL,(D) /U, (D), d=1,2,4

e Polynomials P (N) = @)eca, Vi, multiplicity free G-module
Indexed by partitions A, ={A €2Z": Ay >--- > A, >0}

@ Dp = ¢™ (x) " (9) is a G-invariant differential operator

Theorem ([Kostant-S. 1991])

Dy, acts on V) by the scalar cm (A) = TT7_1 T17 0 [Ai 4+ (n— i) d — J]

@ Proof involves Laplace transform on the tube domain N + iZ.
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Degenerate principal series

o Tits-Kantor-Koecher: G* = Conf(N) D P = G x N max. parabolic
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The operators ¢™ (9) intertwine degenerate principal series Ip (s)

This leads to new identities [Kostant-S.1993, INVENTIONES 112], e.g.
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This leads to new identities [Kostant-S.1993, INVENTIONES 112], e.g.
det (14 z'z) det (9) = a certain Pfaffian (of differential operators)

It also leads to precise information about the principal series Ip ()
[S. 1992-94] ComPOSITIO 81; CONTEMP MATH 145; CRELLE 462
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Degenerate principal series

Tits-Kantor-Koecher: G’ = Conf(N) D P = G x N max. parabolic

The operators ¢™ (9) intertwine degenerate principal series Ip (s)

This leads to new identities [Kostant-S.1993, INVENTIONES 112], e.g.
det (14 z'z) det (9) = a certain Pfaffian (of differential operators)

It also leads to precise information about the principal series Ip ()
[S. 1992-94] ComPOSITIO 81; CONTEMP MATH 145; CRELLE 462

@ Hence to explicit Hilbert spaces for unitary subquotients of /p (s)
[S. 92, INVENT. 101] , [Dvorsky-S. 98-99], SELECTA 4, INVENT. 138
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Interpolation polynomials and Capelli operators

o Interpolation polynomials. For u € A, write [u| = p; +---+u,.
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Interpolation polynomials and Capelli operators

o Interpolation polynomials. For u € A, write [u| = p; +---+u,.
o Suppose char(IF) =0 and p € [F" satisifies p; ,; — p; € N for all i

Theorem ([S. 1994, PrRoG MATH 123] Kostant 65th Birthday)

For € A, there is a unique symm. polynomial R;Sp) (x) €F[xt, ..., x|

of degree |u| such that RISP) (A+p) =0y for |A| < |u].
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Interpolation polynomials and Capelli operators

o Interpolation polynomials. For u € A, write [u| = p; +---+u,.
o Suppose char(IF) =0 and p € [F" satisifies p; ,; — p; € N for all i

Theorem ([S. 1994, PROG MATH 123] Kostant 65th Birthday)

For u € A, there is a unique symm. polynomial R;Sp) (x) € Flx,... ,x,,]s"

of degree |u| such that RISP) (A+p) =0y for |A| < |u].

o Generalized Capelli operators. Basis {D,} for PD (N)°®
o PD(N)~ P (N)@D(N) =~ &,,Va® Vs PD(N)® ~ ,CD,
o Dy corresponds to the identity 1, in End (V) ~ V, @ V;

Theorem ([ibid.])

D, acts on V) by the scalar R;(,p) (A+p), where p, = 4 (n—2i+1)
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Connection with Jack polynomials

o letd=(n—1,...,1,0), let F =Q(r) and consider R, = R;(,”S)

Siddhartha Sahi (Kostant Conference, MIT) May 29, 2018 6 /12



Connection with Jack polynomials

o letd=(n—1,..., 1,0), let F = Q(r) and consider R, = R}(,”S)

o Let T; be the ith shift operator T;f (x) = f (x — &)

Siddhartha Sahi (Kostant Conference, MIT) May 29, 2018 6 /12



Connection with Jack polynomials

o letd=(n—1,..., 1,0), let F = Q(r) and consider R, = R}(,”S)

o Let T; be the ith shift operator T;f (x) = f (x — &)
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Connection with Jack polynomials

o letd=(n—1,..., 1,0), let F = Q(r) and consider R, = R}(,”S)

o Let T; be the ith shift operator T;f (x) = f (x — &)
N -1 '
o Define D (t) = det (X’{51> det <(Xi 1) (x4 r)(Sj RS T,-)

1

o Define D (t) = det (x;sJ')il det (X;Sj [t + rd; —I—x,-a%})

Theorem ([Knop-S. IMRN 1996))
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Connection with Jack polynomials

o letd=(n—1,..., 1,0), let F = Q(r) and consider R, = R}(,”S)
o Let T; be the ith shift operator T;f (x) = f (x — &)

A .
o Define D (t) = det (xf’) det <(x,- + ) (x4 )Y — x,fsJH T,-)

o Define D (t) = det (x;sJ')il det (X;Sj [t + rd; —I—x,-a%})

Theorem ([Knop-S. IMRN 1996))

@ The polynomial Ry satisfies D (t) R, = [[1; (u; + ro; +t)] Ry.
@ The top degree part R, satisfies D (t) R, = [[T; (4; + ré; +t)] Ru

@ R, is proportional to the Jack polynomial Pf,l/ 2

@ For (1) we check D (t) Ry vanishes at v+ p if |[v| < |u|, v # p
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Connection with Jack polynomials

o letd=(n—1,..., 1,0), let F = Q(r) and consider R, = R}(,”S)
o Let T; be the ith shift operator T;f (x) = f (x — &)

A .
o Define D (t) = det (xf’) det <(x,- + ) (x4 )Y — x,fsJH T,-)

o Define D (t) = det (x;sJ')il det (X;Sj [t + rd; —I—x,-a%})

Theorem ([Knop-S. IMRN 1996])

@ The polynomial Ry satisfies D (t) R, = [[1; (u; + ro; +t)] Ry.
@ The top degree part R, satisfies D (t) R, = [[T; (4; + ré; +t)] Ru

@ R, is proportional to the Jack polynomial P}(,l/ 2

@ For (1) we check D (t) Ry vanishes at v+ p if |[v| < |u|, v # p
@ (2)is a limit of (1) and implies (3) by work of Debiard-Sekiguchi.
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Nonsymmetric interpolation polynomials

e F=0Q(q,t), Spactson Z" and F [x1, ..., X,], generators s, ...Sp_1
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e F=0Q(q,t), Spactson Z" and F [x1, ..., X,], generators s, ...Sp_1
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o Write 77; = glitt=il), g = (fy,---071,) and [y =1, 4+ +71,
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Nonsymmetric interpolation polynomials

e F=0Q(q,t), Spactson Z" and F [xq, ..., Xn|, generators si,...Sp_1
o T;=ts — Ui (1—si), ®f (x) = (xp—t'"") f (%",xl ..... x,,,l)

Xj—=Xi+1

o For 7 € Z let wy € S, be shortest such that W,7_117 €N,

o Write 77, = glitt v, 7= i, and 7| =5+ +1,
Theorem ([S. IMRN 1996], [Knop 1997 ComM MATH HELV])
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e F=0Q(q,t), Spactson Z" and F [xq, ..., Xn|, generators si,...Sp_1
o T;=ts — Ui (1—si), ®f (x) = (xp—t'"") f (%",xl ..... x,,,l)

Xj—=Xi+1

o For 7 € Z let wy € S, be shortest such that W,7_117 €N,
o Write 77; = glitt v, 7= i, and 7| =5+ +1,

Theorem ([S. IMRN 1996], [Knop 1997 ComM MATH HELV])

@ Fory € Z] there is a unique polynomial G, = G,;”s) €F[x,..., Xn| of
degree || satisfying Gy () = 0y for v € Z'] such that || < |y].

@ LetZ;i=x+x 1T T, ®Ty -+ Ti_q, then E;,G, = 71, Gy,
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Nonsymmetric interpolation polynomials

e F=0Q(q,t), Spactson Z" and F [x1, ..., X,], generators s, ...Sp_1
o T =ts— Ut (1—si), ®f (x) = (xp—t'"") f (%”,xl, . .,x,,,l)

Xj—=Xi+1

o For 7 € Z let wy € S, be shortest such that W,7_117 €N,

o Write 77, = glitt v, 1=y, ....7,) and [y =n, +---+1n,
Theorem ([S. IMRN 1996], [Knop 1997 ComM MATH HELV])
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Nonsymmetric interpolation polynomials

e F=0Q(q,t), Spactson Z" and F [x1, ..., X,], generators s, ...Sp_1
o T;=ts — Ui (1—si), ®f (x) = (xp—t'"") f (%”,xl, . .,x,,,l)

Xj—=Xi+1

o For 7 € Z let wy € S, be shortest such that W,7_117 €N,

o Write 77, = glitt v, 1=y, ....7,) and [y =n, +---+1n,
Theorem ([S. IMRN 1996], [Knop 1997 ComM MATH HELV])

@ Fory € Z] there is a unique polynomial G, = G,;”s) €F(x1,...,xn] of
degree || satisfying Gy () = 0y for v € Z'] such that || < |y].
Q LetEi=x '+ x 1T, - T,_1®Ty - T;_q, then E;G, = 7j; 1 Gy.

© Top degree part ?,7 ~ nonsymmetric Macdonald polynomial E,,.

1 i
O We have G, ~ G(f?n+1v'71:---v’7nf1) and [m Ti+ ,—71,+1+_1,7’,} Gy ~ G-
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Intertwiners and Macdonald conjectures

o Intertwiners: ®f = x,f (%,xl,...,x,,,1> and 5’?7 =LT+- My

1+1 171
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Intertwiners and Macdonald conjectures

o Intertwiners: ®f = x,f (%”,xl,...,x,,,1> and 5;7 = LT 4 M

1+1 ’71

. -
o Then 57E; ~ E;y and ®E; ~ E(iy,,+1v7]1 ~~~~~ Mn_1)

Theorem ([Knop-S. 97 INVENT 128], [S. 96 IMRN], [K. 97 CMH])
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Intertwiners and Macdonald conjectures

o Intertwiners: ®f = x,f (%,Xl,.--,an) and 5’?7 = LT+ My

1+1 ’71

o Then S/E) ~ Esy and ®E; ~ Ef, Ly,

Theorem ([Knop-S. 97 INVENT 128], [S. 96 IMRN], [K. 97 CMH])

(1/r)

@ Jack polynomials J;""" have coefficients in Z.1 [1/r]

(q,t)

@ Macdonald polynomials J,""’ have coeffs in Z [q, t]
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Hrl ’71

o Then S/E) ~ Esy and ®E; ~ Ef, Ly,

Theorem ([Knop-S. 97 INVENT 128], [S. 96 IMRN], [K. 97 CMH])

(1/r)

@ Jack polynomials J;""" have coefficients in Z.1 [1/r]

(q,t)

@ Macdonald polynomials J,""’ have coeffs in Z [q, t]

@ These are the “type A" conjectures of Macdonald. “Proof’: Check
for E; by induction using intertwiners, then for J, by symmetrization.

@ The same approach proves Macdonald's conjectures for arbitrary root
systems [Cherednik 1997, SELECTA 3], and also for “type BC"
Koorwinder polynomials [S. 1999, ANNALS 150]
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Binomial coefficients

ré 1/r .
o As before, let R, = Ry, Jy = Ji''"), define (1) = R, (A + ro)

o [Okounkov-Olshanski 1997, MRL 4] JAJ(AHX =Y ( )j;:(l

e Macdonald analog [Ok. MRL 4 ]: Nonsymmetric [S., DUKE 94.]
o [Kaneko STAM J. 24] Explicit formula a,,, for (;‘) if A\ single box.

aru A\ single box

o A= A, X A, matrix with entries .
0 otherwise

Theorem ([S. 2011, IMRN])

The binomial coefficients (;l\) are entries of B = exp (A) .
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Binomial coefficients

ré 1/r .
o As before, let R, = Ry, Jy = Ji''"), define (1) = R, (A + ro)

o [Okounkov-Olshanski 1997, MRL 4] JAJ(AHX =Y ( )j;:(l

e Macdonald analog [Ok. MRL 4 ]: Nonsymmetric [S., DUKE 94.]
o [Kaneko STAM J. 24] Explicit formula a,,, for (;‘) if A\ single box.

aru A\ single box

o A= A, X A, matrix with entries .
0 otherwise

Theorem ([S. 2011, IMRN])

The binomial coefficients (;l\) are entries of B = exp (A) .

e Macdonald analog [S. CONTEMP MATH 2012]

Siddhartha Sahi (Kostant Conference, MIT) May 29, 2018



Okounkov polynomials and Quadratic Capelli operators

@ [Okounkov 1998, TRANSF GROUPS 3] Let 6 = (n—1,..., 1,0) and
0r, = T+ al; there is a unique even symmetric polynomial P (x)
of degree 2 |A| such that P{"™ (i 4 p, ) = 6, for all [u| < |A|.
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0r, = T+ al; there is a unique even symmetric polynomial P (x)
of degree 2 |A| such that P{"™ (i 4 p, ) = 6, for all [u| < |A|.
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o Generalized Capelli operator D, € PD (N)¢ =PD(2)¢
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@ [Okounkov 1998, TRANSF GROUPS 3] Let 6 = (n—1,..., 1,0) and
0r, = T+ al; there is a unique even symmetric polynomial P (x)
of degree 2 |A| such that P{"™ (i 4 p, ) = 6, for all [u| < |A|.

o D=R,C,H, N = Herm, (D),Z = G,/ Ky, = GL, (D) /U, (D)
o Generalized Capelli operator D, € PD (N)¢ =PD(2)¢

o Lifts to K,-invariant operator 5;, on Grassmannian Y = Gr, (ID™)
via the double fibration Y «— X — Z, where X = Mat}, . (D)

nxXm

e Assume n < m/2 then R (Y) = @)ecp, W)y as Kp-module.

Theorem ([S.-Salmasian 2018, ANN ENS, to appear])

Dy, acts on W), by the scalar PY* (ji+p, ), where ji = (—p,..... — ),
T=d/2andx = (1—n7) /2, withd = dimg (D) =1,2,4.

o Generalizes [S. 2013, REp THEORY 17] and [S.-Zhang 2017, IMRN]
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Shimura operators and Okounkov polynomials

G /K = Hermitian symmetric space, a = Cartan subspace

X =2X%(g, a) type BG;; p () = p,, = T6 +«l, some T and a.

7:D(G/K) — S (a)™ ~ even symmetric polynomials.

g=t+pTHp pT R () UP)=S(HT) = Srea,Va
1, €End (V) ~ Va®@ Vi CU (p) U (p) ™ U (g)F
Defines Ly € D (G/K) [Shimura 1990, ANN MATH 132]

Theorem ([S.- Zhang 2018, MATH RES LETT, to appear])

We have i1 (L)) = Py with T and a as above.
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S (N) is comp. reducible mult-free g-module unless 6 is singular.
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Lie superalgebras

Consider symmetric pairs (g, ) ~ Jordan superalgebra N

Type Q: (q(n) x q(n),q(n)) and (gl (n|n),p(n)), Type A: rest

In Type A can associate a deformed root system of type gl (m|n) with
paramter 6 a la [Sergeev-Veselov 2004, ComM MATH PHYS 245]

e S(N) is comp. reducible mult-free g-module unless 6 is singular.

e Summands: Type A ~ (m, n)-hook partitions, Type Q ~ strict

@ One can define Capelli operators and ask for eigenvalues.

Theorem ([S.-Salmasian-Serganova 2018])

@ Type Q: Eigenvalues ~ Okounkov-lvanov shifted Q-functions
@ Type A: ~ Sergeev-Veselov shifted super Jack polynomials

@ The two kinds of polynomials are defined in [Ilvanov 2001, J. MATH
Sc1 107] and [Sergeev-Veselov 2005 ADv MATH 192]

e Earlier: (gl (m|n) x gl (m|n), gl (m|n)) and (gosp (m|2n), gl (m|n))
[S.-Salmasian 2016 Apv MaTH 303], (q(n) x q(n),q(n))
Alldridge-S.-Salmasian 2018, CONTEMP MATH
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