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Branching laws

H C K : compact connected Lie groups
K and H : set of irreducible representations of K and H
R(K) and R(H) : representation rings of K and H

Fundamental question
Understand the restriction morphism R(K) — R(H)

Branching laws

The multiplicity map m : K x H — N is defined by

neH
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Kostant multiplicity formula

Basic case : H = T a maximal torus in K

Weyl character formula

tW()\-i-p)
Tr(t O VYY) 2(1 =Tt teT

weW

R=>°(T) := set of infinite sums 3_ 3 a,C,
T-module : ¢/t~ 3" _,Cq,

Kostant multiplicity formula

Identity in R=°(T):

V{7 = ) (=1)" Cwr © Sym(t/t)

weW
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Geometric realizations of V¢

Flag variety : ¥ .= K/T
Line bundle : £, — K/T associatedto A € T
Borel-Weil

VE = HO(F, L))

Dolbeault-Dirac operator :

Dy : C®(F,ANTTO "M@ L)) — C*(F. AT M@ L))

Dolbeault theorem & Kodaira vanishing theorem
The operator D, is elliptic and

IndexK(D)\) = Z(—Ui Hj(]:,ﬁA)
J
= HY(F, L))
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Atiyah-Segal-Singer abelian localization

Take r € tregular. Vector fieldon F : r(x) =r-x
Basic fact: {r=0} = F" ~ W
Deformation idea (Atiyah-Singer, LNM 401,1974)

@ Elliptic operator Dy ~~ transversally elliptic operator D
@ Abelian localization :

V7 = Index” (D))
— Index'(D})

— 3 Index” (D5 y,)

weWw

@ Direct computation :

Index” (D5 y,) = (=1)" Cur ® Sym(E/0)
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Symmetric pairs

Let 0 : K — K be an involution. Let K7 := {k | o(k) = k}.
Consider a subgroup H C K such that (K?)g C H C K°.

Theorem (Aomoto, Wolf, Matsuki, Rossman ...)

The set Hc\ F is finite.

Critical set: Z, := {x € F|o(Kx) = Kx}

Theorem revisited

@ H\Z, is finite
@ O+ 0N Z, defines a bijective map Hc\F — H\Z,

PEP Symmetric pairs and branching laws



Geometric proof of Uzawa (1990)

Let r € t be regular. We consider the moment map
O F — ().
e Z(®,) = the critical set of ||®,||?

e ¢; = flow generated by the gradient vector field —V | ®,||2.

e 7(X) = limi_o i(X) defines a H-equivariant projection

7 F = Z(®)).

Uzawa theorem

@ Z(d,) = Z, for any regular element r
@ P — 7 '(P) defines a bijective map H\Z, -~ Hc\F
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Non abelian localization

Consider the Kirwan vector field

e &, is the Hamiltonian vector field of % ||®,(?
® {/‘ir = 0} = ZO'

Deformation again

@ Elliptic operator D), ~ transversally elliptic operator D}’
@ Non abelian localization :

VE|y = Index(Dy)
= IndexH(D’;’)

= Z Index"(D57|y,)
HxCZ,
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Computation of Index"(D}"|,)

Basic fact
Qx(A) = Index”(D§’|Ux) does not depends on r.

e Ry C £} : roots relative to the Cartan subalgebra ¢x O ¢ ® C.
e a € Ry is an imaginary root if o(a) = .
e o is a compact imaginary root if o = Id on (¢ ® C),

e a is a non-compact imaginary root if o = —Id on (¢ ® C),,

Ef:= Y Co and Ef¥:= Y  C,

RSN} aeRNCing;
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Computation of Qx()\)

e Character C, (4 of the abelian group Hy:

'YX::)\X‘f'% Z a+ Z a

aeRfno(RY) aeRNC g

o(a)#a

o Let my = 3Ry Na(Ry) N {o(a) # a}| + dimEL

Theorem, P. (2018)
We have the decomposition

VEh= > Q). with
Hx € H\Z,

Qu(N) = (—1)™Indf} (C,, @ Sym(EF) @ A\ E5)
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Example : U(1) c SU(2)

e F~S?and Z, = {S,N, E}

o For Hx = E : Hy ~ Zp, EX = ES = {0}, C,, = Cp|z,.

o For Hx = N : Hy = T, Ef¥l = Cp, E§ = {0}, C,, = Cpyo.
eFor Hx = S: Hy=T,Ei¥ = C_,, ES¢ = {0}, C,, =C_, 2.

Final decomposition

Vailr = Cnp® ) Cok — Cpya ® Sym(Cz) — C_p_2 ® Sym(C_p)
kez.
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Example: HC Hx H

« F=H/T x H/T and Z, = Uycp, Zw With Zy = H- (w, 1).

Final decomposition

Vi@ Vi = (1) D2 N7 (1) Ind (Cuprgp)at)
we Wy

e When H = SU(2) and m > n > 0 we have
Voo Vi = IndSl(J()z)(Cm_n) —Ind5 {2 (Crmgnsz)

n
Zlndffé )2) —C2) @ Cryyn_2k) = Z Vinyn—2k

We recognize here the classical Clebsch-Gordan relations.
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Example : U(p) x U(q) c U(p + q)

eletK=U(p+qg)withp>g>1,and H= U(p) x U(q).
e Here |[H\Z,/W| =qg+1.

e Forje {0,..., g} we consider the subgroups

H/-:U(p—j)x U(q—j)CH, and Tp_jX ng'X Tq—j: T

Final decomposition

q
+1
NUTEMITED DS w9 N @ x,

j=0 weW

where Q()) is equal to

IndH X Taj (HOIT xTe (CW,{W ® Sym(MJW)) ®Cp, @ LA(Ty/ Téf))
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Deformation of Dirac operators
Geometric package

@ M oriented manifold of even dimension

@ S = a spin-c structure on M

@ a compact Lie group H © (M, S)

@ a H-equivariant vector field n on M

@ Hypothesisonn:n(m) € Tp(H-m)forallme M

e H-equivariant Dirac operator Ds : C*°(M,S8*) — C>*(M,S87)

e principal symbol of D : cls

Deformation of clg

cld|m(v) = cls|m(v + n(m))
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Deformation of Dirac operators

e When M is compact :
Ox(M,S) := Index"(Ds) = Index"(DY)

= > Index"(DY|y,)
Z{n=0}

e When M is non compact but {n = 0} is compact :

< IndexH(Dg) >i= Z IndexH(Dg]UZ)
Zc{n=0}

Formal geometric quantization

ns : preferred choice associated to the line bundle det(S).

Q7 (M,S) =< Index" (D) >
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Application to discrete series representations

) G semi-simple real Lie group with an involution o
o 7¥ discrete series representation attached to G\

We suppose that the restriction wf|Ga is admissible:

Sl =Y m\p) e
n

e the moment map ¢, : GA — (g?)* is proper
elet Y := & 1((¢7)*) : a smooth symplectic K“-manifold

Theorem, P. (2017)

(Y, Sy) = Zm(A H) T
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Thank you for your attention !
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